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ABSTRACT. In three lectures and three problem sessions we present a hand-
ful of recent results and techniques, which proved to be useful in Har-
monic Analysis, Probability and PDEs. This is an extended version of a
mini-course given 2-4 Oct at Potential Theory Workshop: Intersections in
Harmonic Analysis, Partial Differential Equations and Probability, Sep-
tember 28-October 6, 2023, CIMAT, Guanajuato. The prerequisites for
the course are just integration and general exposure to Analysis (limits,
series and estimates), but some familiarity of the reader with semigroups
of (sub-Markovian) operators, their generators, and quadratic form or
with Markov processes, their transition kernels, exit times, Green kernels,
and harmonic functions would be very helpful.
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1. HARDY INEQUALITY AND GROUND-STATE REPRESENTATION

This Lecture 1 is based on [11], but we also like to mention [17], [18], [21].
1.1. Goals and motivation. We construct explicit supermedian functions
for symmetric sub-Markov semigroups to obtain Hardy inequality or ground-
state representation (Hardy identity) for their quadratic forms.

Hardy inequalities are important in harmonic analysis, potential theory,
functional analysis, partial differential equations and probability. In PDEs
they are used to obtain a priori estimates, existence and regularity results
[11] and asymptotic behaviour of solutions [50]. In functional and harmonic
analysis they yield embedding theorems and interpolation theorems, e.g.,
Gagliardo—Nirenberg interpolation inequalities [11], etc.

The connections of Hardy inequalities to potential theory are well known;
see, e.g., [1], [33], [10], [29]. A general rule stemming from the work of
Fitzsimmons [33] is this: If £ is the generator of a symmetric Dirichlet form
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E, h >0 and Lh < 0, then E(u,u) > [w?*(—Lh/h). Below we make a
similar connection in the setting of symmetric transition densities p. When
p is integrated against increasing weight in time and any weight in space, we
obtain a supermedian function h. We also get a weight, ¢, an analogue of
the Fitzsimmons’ ratio —Lh/h, which yields the Hardy identity or inequality.
Our approach is straightforward and general, the resulting Hardy identity of
inequality is automatically valid on the whole of the reference L? space, and
is optimal in some cases.

We simultaneously prove non-explosion results for Schrodinger perturba-
tions p of p by q. Namely, we verify that h is supermedian and integrable for
p, if finite. For instance, we recover the famous critical non-explosion result
of Baras and Goldstein for A + (d/2 — 1)?|z|~%; see [3], [10].

The plan of Lecture 1 is as follows. In Theorem 1.6, we prove a non-
explosion for Schrodinger perturbations. In Theorem 1.9, we prove a Hardy
inequality, in fact, under mild additional assumptions, Hardy identity (ground-
state representation), with an explicit remainder term. Then we present ap-
plications: the classical Hardy inequality and ground-state representation for
the Laplacian and fractional Laplacian. In particular, we recover the optimal
constants and the corresponding remainder terms, as given by Filippas and
Tertikas [32], Frank, Lieb, and Seiringer [34], and Frank and Seiringer [35].

Current applications of our methods involve detailed analysis of “critical”
Schrodinger perturbations and some analogues in the L setting; see [17], [21],
and [18], respectively.

[13 2

1.2. Notation. Throughout we use “:=" or cursive to indicate definition
or something noteworthy, e.g., a A b := min{a,b} and a V b := max{a, b}
for (real numbers) a,b € R. For real number or real-valued function f,
we let f, = f V0. Positive means > 0, analogously for increasing (and
decreasing). For two positive functions f and g we write f & g if there is a
strictly positive number ¢, called constant, such that ¢c'g < f < cg. Such
comparison is called sharp estimate. We write ¢ = ¢(a, b, ..., z) to claim that
¢ may be so chosen to depend only on a, b, ..., z. Symbols for constants may
denote different numbers in different places. For an open subset D of the
d-dimensional Euclidean space R?, d € {1,2,...}, we denote by C.(D) the
space of continuous functions with compact supports in D, and by C°(D)
the space of infinitely often differentiable functions in C.(D). The Lebesgue
measure on the half-line [0, c0) is usually denoted by ds, dt, etc., and on R?,
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by dz, dy, etc. As usual, 0 - oo := 0. Further notation is introduced as we
proceed.

1.3. The Gaussian kernel. Let g be the Gaussian kernel

(1.1) gi(z) == (4m)—d/26—\xl2/<4t> , t>0, zeR?.

Below, as usual, f x h(z fRd xr —y)h(y)dy, x € R?, the convolution of
functions f, h : Rd — R, deﬁned if the mtegral is convergent.

Exercise 1.1. Prove that the function p;(z,y) == g:(y —2),t > 0, z,y € RY,
is symmetric: pi(x,y) = pi(y,z), and satisfies the Chapman—Kolmogorov
equations:

/dps(as, Y)pe(y, 2)dy = psie(x, 2), r,z € RY st > 0.
R

In short, p;(x,y) is a transition density on RY. Further, Jpape(z,y)dy =1
for z € R, ¢ > 0, so pi(x,y) is a probability transition density.

Hints. By Tonelli’s theorem, we verify that fRd gi(x)dx =1,t > 0, after first
considering d = 2 and polar coordinates. Then we verlfy that Js * Gt = Gsit,
s,t > 0, by reorganizing squares in the exponents on the left-hand side. The
results for p are reformulations.

1.4. Supermedian functions. Let (X, M, m) be a o-finite measure space.
Let B(o,00) be the Borel o-field on the half-line (0, 00). Let p: (0,00) x X X
X — [0,00] be B(g,oo) X M X M-measurable and symmetric:

p(z,y) =p(y,x), z,yeX, t>0.

Let p satisfy the Chapman—Kolmogorov equations:

12) [ pegp ) =pade), wzE X st>0
X
and assume that for all £ > 0 and x € X, p;(z,y)m(dy) is a o-finite measure.

Let f: R — [0,00) be increasing and f := 0 on (—o0,0]. We have ' >0
almost everywhere (a.e.), and

b
(1.3) f(a) +/ f'(s)ds < f(b), —oo<a<b<oo.
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Further, let p be a positive o-finite measure on (X, M). We put

(1.4) mmw:ém@wmwx
(15) h@%zlmﬂQMM@d&

We also denote p;h(z) == [ pi(x,y)h(y)m(dy). By Tonelli and Chapman-
Kolmogorov, for t > 0 and x € X,

pmuvzlmf@—wmmmds
/t N f(s)psp(z) ds
h(z).

IA

IA

(1.6)

In this sense, h is supermedian for the kernel p. In fact, it is excessive since
pith — h as t — 0; see [37] for some nomenclature of potential theory.
We then define ¢ : X — [0, o0] as follows: ¢(x) := 0 if h(z) = 0 or oo, else

ﬁ@f7iglwaMM@M&

Hence for all x € X,

(1.7) q@%@)SAMfQMwmﬁk

Exercise 1.2. Calculate h and ¢ for the Gaussian semigroup, p the Dirac
2
measure, and f(t) := . For which  we get (the largest) ¢(z) = @M_Q?

Hints. We consider —oo < d < d/2 — 1 and calculate the following integral
for the Gaussian kernel by substituting s = |z|?/(4t),

(1.8) h(z) ::/ gt(x)t‘sdt:/ (4art) =42 1=/ 00 gy
0 0

|x|2 5—d/2+1 %)
— (47T)7d/2 <_) / Sd/27672efs ds
4 0
= 470 g2 |24 (0 /2 — 5 — 1).

Here, as usual, ['(p) := [~ a? e *dx, p € (0,00), and ['(p + 1) = pI'(p).
Optimal § = (d — 2)/2 is obtained by solving a quadratic equation.
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1.5. Schrédinger perturbation. Two things (definitions, theorems, cars,
etc.) may be considered similar if one seems a special case of another or both
seem special cases of a third thing. Here is an instance: exp and p below.

Exercise 1.3. Of course, exp(z) := )~ 2"/n! for z € R. Prove directly
that exp(z + y) = exp(x) exp(y), =,y € R.

Hints. This multiplicativity follows from simple properties of the binomial
symbol (Z)

Definition 1.4. [15] We define the Schrodinger perturbation of our p by ¢:

(1.9) p=>_ ",
n=0

where p” (z,y) == p,(2,y), and

(1.10) pgn)(x,y) ::/O /Xps(x, z) q(z)pgfgl)(z,y)m(dz) ds, n>1.

Lemma 1.5. p is a transition density.

This is indeed similar to Exercise 1.3. For details, see [15] and Lecture 2.
Recall that h is supermedian for p. Here is a deeper result.

Theorem 1.6 ([ 1]). We have p;h < h for all t > 0.

Proof. Forn=0,1,... and t > 0, x € X, we consider

PPh(x) = /X P, y)h(y) m(dy),

and we claim that

n

> ph(x) < h(w).

k=0
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By (1.6) this holds for n = 0. By (1.10), Tonelli, induction and (1.7),
n+1 N t
S e = [ [ [ piw )l Ey”zy m(dy) m(d=) ds
Py 0o JxJx

sf/mWMM@mwm
//ps T,z / '(u)/pu(z,w),u(dw)dum(dz)ds.
// I (w)psup(z) duds,

where in the last passage we used (1.2) and (1.4). By (1.3),

St < [ - dspant
< [ 1t = Fu = un D] pute) du
= [ 1w = =Dl paste) du

Now, for k =0,
) = / f(u—t)pup(z) du
t
=/ flu—1) pup(z) du.
0
So
n+1 o)
S @) < [ flwpanta) du = hia).
k=0 0
The claim is proved. The theorem follows by letting n — oc. U

Remark 1.7. Theorem 1.6 asserts that h is supermedian for p. This is much
more than (1.6), but (1.6) may also be useful in applications. Incidentally,
the inequality in Theorem 1.6 gives an integral finiteness or non-explosion
for the Schrodinger perturbation p, if hA(x) < co.

In the next subsection, ¢ will double as a weight in a Hardy inequality.
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1.6. Hardy inequality. Let p, f, u, h and ¢ be as defined above.
Additionally, we shall assume that [, p,(z,y)m(dy) < 1 for all t > 0
and x € X. In short, p is a subprobability transition density. By Holm-
gren criterion [13, Theorem 3, p. 176], we then have p;u € L*(m) for each
u € L*(m), in fact [, [pu(z)]*m(dz) < [ u(z)*m(dz). Here L?(m) is the
collection of all the real-valued square-integrable M-measurable functions on
X, equipped with the scalar product (u,v) := [, u(x)v(x)m(dz). Since the
semigroup of operators (p;,t > 0) is self-adjoint and weakly measurable,

<ptu7 U> = / 67Atd<P)\u7 u>7
[0,00)

where P, is the spectral decomposition of the operators, see [39, Section 22.3].
For u € L*(m) and t > 0, we let

1
EW(u,u) = z(u — DU, u).

In the theory of Dirichlet forms, it is usually argued by the spectral theorem

that ¢ — £®(u,u) is positive and decreasing [36, Lemma 1.3.4], allowing to
define the quadratic form of p,
(1.11) E(u,u) == lirrolé’(t)(u,u), u € L*(m).

ﬁ

Exercise 1.8. Check the monotonicity.

Hints. According to the spectral theorem, it is enough to verify that the
function [0,00) 3 ¢ — (1 — e~*)/t is decreasing for A > 0, which follows by
calculus.

Here is a Hardy inequality with a remainder (1.12) and a Hardy identity,
or ground-state representation (1.13) of £.

Theorem 1.9 ([11]). Ifu € L*(m) andu=0 on {z € X : h(x) =0 or oo},

(1.12) S(u,u)z/xu(x)zq(x)m(dx)

+lim inf /X /X pt(;’ v (ZEQ - ZEg;)Qh(y)h(x)m(dy)m(dx).

If f(t) = tﬁ with B > 0 in (1.5) or, more generally, if f is absolutely contin-
uous and there are § > 0 and ¢ < oo such that

[f(s) = f(s—t)]/t <cf'(s)  foralls>0and0<t<d,
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then for every u € L*(m),

(113) ) = [ ulaVala) m(do)
v [ [ P (M Nty

Proof. Let v := u/h, where v(x) =0 if h(xz) =0 or co. Let t > 0. We note
that |vh| < |u|, thus vh € L?*(m) and by (1.6), vp;h € L*(m). We then have

P ,’Uh) + <—Upt tpt(” ),Uh> = lt + Jt.
By the definition of Jt and the symmetry of Pt

— %/X/Xpt(x,y)[v(x) — v(y)]h(y) m(dy) v(z)h(x) m(dz)
:/ / M[U(x) — v(y)*h(z)h(y) m(dz) m(dy) > 0.

To deal with I;, we let x € X, assume that h(z) < oo, and consider

h peh /f psM dS—/ f Ps+t,u

EW(vh,vh) = (v

/0 [£(5) — F(5 — )]papa(z) ds.

Thus,

1= /X V(2)h(z) / T L) = £(s — 1)) papa() ds m(d).

By (1.11) and Fatou’s lemma,

E(vh,vh) > / /00 f'(8)pspu(x) dsv? (z)h(z) m(dz)

it [ [ 20 PATY) 1y (2) — w(y)]? h(y) ()i dy)mida)
- [ e @aamido
Flimint / / PUTY) 1oy o) By h(a)m(dy)m(ds).

Now we substitute u for vh. For remaining (minor) details, see [11]. O
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Here is a resulting Hardy-type inequality.
Corollary 1.10. For everyu € L*(m) we have &(u,u) > [y u(x)?q(x) m(dzx).

We are interested in quotients ¢ as large as possible. This calls for ex-
plicit formulas or lower bounds of the numerator and upper bounds of the
denominator. For instance, Exercise 1.2 yields the classical Hardy inequality:

Corollary 1.11. The quadratic form of u € L*(R% dx) for the Gaussian
semigroup is bounded below by (d/2 —1)? [L, u(x)?|z|da.

Below we discuss further applications. To this end we use the Fourier
transform (in the version consistent with the characteristic function):

f(é) = / e f(x)dx for (a.e.) € € RY,
R4
where & - x 1= &2y + ... + &gy For instance,
Ggi&) =e M t>0, ceR”

According to Plancherel theorem, for f,g € L?(dx),

| F(©3(©de = 2m)" | f)gle)da.

Exercise 1.12. Check this for g;/,.
Hints. By inspection, §1/2 = (27)%2g, 5, which agrees with Plancherel.
Exercise 1.13. The classical Hardy inequality in R? may be stated as

2
/ €2 () de > (%) (27)" / (@) o] 2de, d>3
R4 Rd

Check this. Find a formulation that does not use the Fourier transform .

Hints. By Plancherel theorem, for ¢t > 0 and u € L?(R?),

1
EW(u,u) = E(u — Dyu, u)

=)' [ L0 - o P

Note Proposition 1.27 below, too.
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1.7. The isotropic a-stable semigroup. A comprehensive reference is

[12]. Let
v(2) i=cqalz| ", 2z €RY

where 0 < a < 2, d € N, and the constant ¢, is such that

/Rd (1 —cos(é-2))v(2)de = |€]*, €&€eR%

Note that the measure v(z)dz satisfies the so-called Lévy-measure condition:

/Rd(l Alz|P)v(z)dz < oo.

Further, it is homogeneous of degree —av: [, , v(2)dz = k= [, v(2)dz, k > 0,
A C R%, and it is invariant upon (linear) unitary transformations 7" : R —
R? (to wit, T*T = TT* = I) because v(Tz) = v(z).

Exercise 1.14. Prove that, indeed, for some ¢ € (0, 00),

/ (1 —cos(é-2))|z| "%z = c|¢]*, ¢ eRL
R4

Hints. The left hand side is invariant upon (linear) unitary transformations
T :R* = R (to wit, T*T = TT* = I). For £ # 0, consider £ = [¢]|¢|7*¢ and
change the variables z := [£]y. Finally, use polar coordinates and note that
0<1—coss= fossinrdr < % A2 for s € R.

Remark 1.15. It is known that cq = 2°T((d + @) /2) 72 /|T(—a/2)].

For t > 0, we let
pe(z) = (27r)d/ e el emi®rge 1z e R
R4

By the celebrated Lévy-Khintchine formula, p; is a probability density and
P = [ S plo)e = geRY 150
Rd

For a = 1, we get the Cauchy convolution semigroup (aka Poisson kernel in
Harmonic Analysis):

t

B —(d+1)/2
pe(2) =T((d+1)/2)7 (|22 + 2)@+D/2
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Exercise 1.16. Prove that for every a € (0, 2),
pi(z) =t~ ¥op (7o), >0, zeRY.

Hints. Use the homogeneity of |£|* and uniqueness for Fourier transform.
Remark 1.17. Tt is known that p;(z)/t — v(z) for x € R? as t — 0.
Exercise 1.18. Check this directly for a = 1.

Hints. Do we get ¢417

Apart from obvious similarities, there exist important differences between
p (hence 0 < a < 2) and ¢ (hence o« = 2). For instance the decay of p in
space is polynomial (see, e.g., [22] for a proof):

Lemma 1.19. There exists ¢ = c(d,a) such that, for all z € R%, t > 0,

t t
-1 —d/a —d/o
(g ) <0 e

1.8. Subordination. There is a convolution semigroup 7, ¢ > 0, of prob-
ability densities concentrated on (0, c0), that is, such that n,(s) =0, s <0
and 7, * 1, = 0,4 for r,t > 0, which satisfy

(1.14) / e “n(s)ds = T}
0

We have, using Bochner subordination,

pil) = / " gu(@)ms) ds,

where ¢ is the Gaussian kernel defined in (1.1). This is great to analyze p;.
Exercise 1.20. Find p; using (1.14).
Hints. For t > 0, .
plo)i= [ adeinds) ds
SO '

pile) = / TP (s)ds, € € RY

The result follows by (1.14) and the definition of the gamma function.
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Below we denote
v(z,y) =v(y — )
and
pe(@,y) =y — ).
Exercise 1.21. Verify that

51
ED (u, u) / / 1? =pi(z, y)dady.
Rd JRdA t

1.9. Fractional Hardy inequality. Regarding the setting of Subsection 1.6,
we will have m(dz) = dz, the Lebesgue measure on RY. For u € L*(R¢, dx),
we let

(1.15) E(u,u) = %/Rd/Rd[u(x) —u(y)Pv(z,y) dy dx.

The following statement on self-dominated convergence is quite useful.

Lemma 1.22. [I8, Lemma 6] If f, fr.: R? — [0, 00] satisfy fr < cf and f =
limy o0 f, K =1,2,..., then for each measure p, im0 [ frodu = [ fdp.

Proof. The integrals converge either by the dominated convergence theorem,
if the right hand side is finite, or — else — by Fatou’s lemma. U

Exercise 1.23. Prove that (1.15) is the Dirichlet form of p.
Hints. The result follows from Lemma 1.22, Remark 1.17, and Lemma 1.19.

The important case 8 = (d — a)/(2«) in the following Hardy equality for
the Dirichlet form of the fractional Laplacian was given by Frank, Lieb and
Seiringer in [34, Proposition 4.1] (see [5] for another proof; see also [38]). In
fact, [34, formula (4.3)] also covers the case of (d—«a)/(2a) < 5 < (d—a)/«
and smooth compactly supported functions u in the following Proposition.
Our approach is different from that of [34, Proposition 4.1] because we do
not use the Fourier transform.

Proposition 1.24 ([11]). If0 < a <d, 0 < 3 < (d—a)/a, u € L3(RY),
then

Elu,u) = O/Rd “ﬁf d + /R/R (% - %)2 h(z)h(y)v(z,y) dy dz |
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where h(x) = |z|*PF)=4 and

ey @Dy st g @)

We get a mazimal C' = 2°T(H2)2/T(52)? if B = (d — @)/ (2).
Exercise 1.25. Prove this ground-state representation using Theorem 1.9.

Hints. Let —1 < § < d/a — 1. For f(t) := ti and o-finite Borel measure
p > 0 on R? we have

:/Ooo /Rdf(t)pt(a?—y)u(dy) di
:/m/Rdtﬂ/oogs(x—y)m(S)dsu(dy)dt
/Rd/ / tnu(s) dt go(z — y) ds p(dy)

(s)
/Rd/ B;;ll)) a(5+1 g (I B y) s Iu(dy)

L(+1) T(§ - 25
p(@) JECEDENT I

O = 2°T(

|z — y|* P~ (dy),

where in the last two equalities we assume a(f+1)/2—1 < d/2 —1 and use
(1.8). If, furthermore, 5 > 0, then by the same calculation

/0 N Rdf/(t)pt(ﬂf,y)u(dy) dt

L(B) et __gjor @ o
=B T )4 (G - ) =y 0 dy).
Here the expression is zero if § = 0. If u = dp, then we get
(3 +1) )

(5 -
F(Oz(ﬁ;rl)) 4a(,8+1) /2

//f )i, y)p(dy) dt

_ 4a/2r 4 _ abyp(irl) /3+1>)| -

|| (B+1)—d

h(z) =

and

2

(d - L)
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By homogeneity, we may assume h(z) = |2|*¥+)=? without changing ¢. By
the second statement of Theorem 1.9, it remains to show that

i 252 [ i) e

(1.16) = %/Rd/Rd [% - %rh(y)h(aﬁ)y(m,y) dydzx .

Since py(z,y)/t < cev(z,y) [11], and pi(2,y)/t — v(z,y) as t — 0, (1.16)
follows by Lemma 1.22. If a8 = (d— «)/2, then we obtain h(z) = |z|~@=)/2
and

_r(ey
q(z) = ()

Finally, the statement of the proposition is trivial for § = d/a — 1.
Corollary 1.26 ([11]). If0<r<d—a, z € R and t > 0, then

/ Py — @)y dy < |2
Rd

Ifo<r<d—a,r€R, t>0,8=(d—a—r)/a, and p is given by (1.9),

[~

/ By — @)y dy < ||
Rd

Proof. By (1.6) and the proof of Proposition 1.24, we get the first estimate.
The second estimate is stronger because p > p, and it follows from Theo-
rem 1.6, see the proof of Proposition 1.24. O

1.10. Further information about the classical Hardy identity. For
completeness we state Hardy identities for the Dirichlet form of the Gauss-
ian semigroup on R?. Namely, (1.18) below is the optimal classical Hardy
equality with remainder, and (1.17) is its slight extension, in the spirit of
Proposition 1.24. For the equality (1.18), see for example [32, formula (2.3)],

[35, Section 2.3] or [5]. Equality (1.17) may also be considered as a corollary
of [35, Section 2.3]. Note the restriction of domain, compared to Corol-
lary 1.11.

Proposition 1.27. Suppose d >3 and 0 < v < d — 2. For u € W12(R?),

(1.17) » \Vu(z)|Pde=~(d — 2 — 7)/R U(x)2d:c +/Rd

@ |af?
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where h(z) = 2|72~ In particular,

s d-27[ ue)y?
(L18) [ Va5 /R dx+/Rd

@ |af?

2
dzx.

g
P} N7
|z 2]/

The result has some ad-hoc elements (like gradient, V), so we refer to

[11].

2. SCHRODINGER PERTURBATIONS AND...

The plan of this Lecture 2 is to discuss details of Schrodinger pertur-
bations from [15], results on nonlocal Schrédinger perturbations from [23],
and nonlocal boundary conditions in [20]. It would also be nice to mention
gradient perturbation [16], general Schrédinger perturbations [19], special
considerations for the Gaussian kernel [24], [9], [12], and critical Hardy-type
Schrodinger perturbations [13]... Let us first make a probability connection.

2.1. A Feynman-Kac formula (down with time-homogeneous nota-
tion!) Here we follow [15]. Let g(s,x,t,y) := ¢;—s(y—x) be the Gaussian ker-
nel in RY s,t € R, z,y € RY (Welet g =0if s >t.) Let ¢ : RxRY — [0, o0
(or C). Here is the perturbation of ¢ by ¢ on X = R? without the time-
homogeneous corset: Let §:= Y o0 g™, where g (s, z,t,y) = g(s,2,t,y),
and for n > 1,

t
¢ (s, 2,1, y) = / / 95,21, 2) a2, )9, 2, 1, y) m(d=) du.
s X

Let E,, and P, be the expectation and the distribution of the Brownian
motion Y (here Y; = By;) starting at the point z € R? at time s € R. So,

P, .[Y: € A] = / g(s,z,t,y)dy, t>s, ACR
A

Y has transition probability density g(uq,z1,us, 22), where s < u; < us.
Thus, the finite dimensional distributions have the density functions

9(37 €, Uy, Zl)g(uh 21, U2, 22) . 'g(un—l, Zn—1, Un, Zn) .

Further, for y € R%, ¢ > s, we let EY and PL¥ denote the expectation and the
distribution of the process starting at = at time s and conditioned to reach
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y at time ¢ (Brownian bridge). The bridge, also denoted Y, has transition
probability density

g(ur, 21, ug, 22)g(uz, 22, ,y)
g(ula 21, t? y)

T(“l? 21, U2, ZZ) —

Y

where s < 1y < uy < t and 2, 2o € R?. Thus, its finite dimensional distribu-
tions have the density functions

g(s,x,u, z1)g(ur, 21, ug, 22) - - - g(Un, 2n, t, y)

Here s <up < ...<u, <t, z1,...,2, € R We get a disintegration of P, .
Py (Y, € Ay,... Y, €AY €B)
:/Pi’fjﬁ(Yul €A .Y, €A)g(s,xt,y)dy, A, ..., A, B CRL
B

Here comes the multiplicative functional e,(s,t) := exp <fst q(u,Yy,) du) [27].

Of course,
(o @]

EYY e4(s,t) = Z (/:q(u,Yu)du>n.

"
According to (2.1),

t t
[ = [ [ demnite i,
s s JRd

S? x? t? y)

91(3’%75,9)
g(S,.T,t,y)

Furthermore,

1 t 2 t ot
gy ([atwvoa) =z [ [t Yo v doas

_ /// / g(s,x,u,z)g(u,z,v,w)g(v,W,t,y)q(u7z)q(v7w)dwdzdvdu
Re JR 9(s,z,t,y)

t, t
// sxuzgl(uz y>q(u,z)dzdu:g2(s’x’ 79).
Rd S T, t y) g(S,I’,t,y)
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Similarly, for every n =0,1,.. .,

hence we get a Feynmann-Kac formula

t
§(s,,t,y) = g(s,2,t, y) XL exp / a(u, Yy)du.

We may interpret (s, x,t,y)/g(s, x,t,y) as the eventual inflation of mass of
the Brownian particle moving from (s,z) to (¢,y). The mass grows multi-
plicatively where ¢ > 0 (and decreases if ¢ < 0). For instance, if q(u, z) = q(u)
(depends only on time), then

9(s,x,t,y)/g(s,2,1,y) = exp (/:q(u)du) .
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2.2. Integral kernels. Here we mostly follow [23]. Let (E, &) be a measur-
able space. A kernel on F is a map K from E x & to [0, 00] such that

x+— K(x,A) is E-measurable for all A € &£, and
A~ K(z,A) is countably additive for all z € E.

Consider kernels K and J on E. The map (E x &) — [0, 00| given by

(z, A) / Kz, dy)J(y, A)

is another kernel on F, called the composition of K and J, and denoted K .J.

Exercise 2.1. Why is composition of kernels similar to multiplication of
matrices?

Hints. In fact it is similar to multiplication of positive square matrices,
which is a special case of composition of kernels.

We let K,, == K, 1JK(s,z,A) = (KJ)"K, n =0,1,.... The composi-
tion of kernels is associative, which yields the following lemma.

Lemma 2.2. K, = K, 1_,JK,, foralln e Nand m=0,1,...,n— 1.
We define the perturbation, K , of K by J, via the perturbation series,

(2.2) K = iKn = i(KJ)"K.

Of course, K < K, and we have the following perturbation formula(s),
(2.3) K=K+KJK=K+KJK.

Goals: algebra or bounds for K under additional conditions on K and .J.

2.3. An upper bound. Consider a set X (the space) with o-algebra M,
the real line R (the time) with the Borel sets Bg, and the space-time,

E:=RxX,

with the product c-algebra & = Bg x M. Let n € [0,00) and a function
QR xR — [0, 00) satisfy the following condition of super-additivity:

Q(u,r) + Q(r,v) < Q(u,v) forallu <r <w.



20 K. BOGDAN AND K. SZCZYPKOWSKI

Exercise 2.3. Check Q(s,1) f f(u)du is superadditive if f : R — [0, 00).
Hints. In fact, this @ is additive:-)

Let J be another kernel on E. We assume that K and J are forward
kernels, i.e., for Aec &, seR, x € X,
K(s,z,A) =0=J(s,z,A) whenever A C (—o0,s] x X.

It also suffices that K is forward and J is instantaneous, that is, J(s, z, dtdy) =
j(s,x,dy)ds(dt). In particular, Schrédinger perturbations are obtained when
j(s,z,dy) = q(s, )0, (dy) is local. In what follows, we study consequences of
the following assumption,

(2.4) Ki(s,z,A) := KJK(s,z,A) < /[7] + Q(s,t)]|K (s, z, dtdy),

with impulsive bound n € [0, 00) and superadditive bound Q.
Theorem 2.4. Assuming (2.4), for alln =1,2,..., and (s,z) € E, we have

Q(S,t)]

n

Ko(s, z,dtdy) < K, (s, z, dtdy) [n +

K(s,z,dtdy) ﬁ

I 57)

If 0 <n <1, then for all (s,z) € E,

)1+Q(s,t)/n

K (s, z,dtdy) < K(s, z, dtdy) (1—
-1

If n =0, then for all (s,x) € E,
K (s, z,dtdy) < K(s, =, dtdy)e®®.

2.4. Pointwise versions. Theorem 2.4 has two pointwise variants (which
may be skipped). Fix a (nonnegative) o-finite, non-atomic measure

dt := p(dt)
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on (R, Bg) and a function k(s,x,t, A) > 0 defined for s,t € R, x € X, A €
M, such that k(s,z,t,dy)dt is a forward kernel and (s, x) — k(s,z,t, A) is
jointly measurable for allt € Rand A € M. Let kg =k, and forn =1,2,...,

t
kn(s,x,t,A)://kn_l(s,x,u,dz) / J(u, z, duydzy) k(uq, 21, t, A)du.
s X

(ut)x X

The perturbation, 75, of k by J, is defined as k= Yoo kn. Assume that

¢
//k(s,x,u,dz) / J(u, z, duydz)k(uq, z1,t, A)du < [n+Q(s, t)|k(s, z,t, A).
s X (u

)X X

Theorem 2.5. Under the assumptions, for alln =1,2,..., and (s,z) € E,

Q(S,t)}

n

kn(s,x,t,dy) < ky,—1(s,z,t,dy) [77 +

n

< k(s,z,t,dy) g [n + Q(‘;’t)} .

If 0 < <1, then for all (s,x) € E and t € R we have

_ L\ e/
k<87'r7t7dy) < k(S,I,t,dy) (1—> :
-n

If n =0, then B
k(s,x,t, dy) < k(s, ,t, dy)e?™.
For the finest variant of Theorem 2.4, we fix a o-finite measure
dz == m(dz)

on (X, M). We consider function x(s,z,t,y) > 0, s,t € R, 2,y € X, such
that k(s,z,t,y)dtdy is a forward kernel and (s,x) — k(s,z,t,y) is jointly
measurable for all ¢ € R and y € X. We call such x a (forward) kernel
density (see [19]). We define ko(s, z,t,y) = k(s,z,t,y), and

t
mn(s,x,t,y)—///fn_l(s,x,u,z) / J(u, z, duydz ) k(ug, 21, t, y) dz du,
s X

(u,t)x X
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wheren =1,2,.... Let k =)~ 'k, Foralls <t e R, z,y € X, we assume

t
//FL(S,ZU,’LL,Z) / J(u, z, duydz ) k(ug, 21, t, y)dzdu < [n+Q(s, t)|k(s, x,t,y).
s X ('u,y

t)x X

Theorem 2.6. Under the assumptions, form =1,2,..., s <t and z,y € X,

Q(S,t)}

Kn<37x7t>y) S Hn,1(8,$,t,y) |:77+ -

< n(s,x,t,y)ﬁ [77 + Q(j’ﬂ :

=1

If 0 <n <1, then for all s,t € R and x,y € X,

1 1+Q(s,t)/n
K(s,z,t,y) < k(s,z,t,y)| —— .
Y P e — ) b 1 _ 1’]
If n =0, then
R(s, o, y) < ks, 2, t,y)e?™).

Exercise 2.7. If k; < nk with n € (0,1), then kK < ﬁ (Khasminski’s

lemma). Explain why this follows from the above. Also, verify it directly
using perturbation series.

Hints. By induction, x, < n"k.

2.5. Transition kernels. Let k as above be a transition kernel, i.e., addi-
tionally satisfy the Chapman-Kolmogorov conditions for s < u <t, A € M
(we do not assume k(s,z,t, X) =1),

/ k(s,z,u,dz)k(u, z,t, A) = k(s,x,t, A).
X

Following [15], we may show that % is a transition kernel, too. Here is
the first step.

Lemma 2.8. Foralls<u<t, z,ye X, Ae M, andn=0,1,...,

(2.5) Z/km(s,x,u,dz)kn_m(u,z,t,A) = kn(s,z,t, A).

m=0 X
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Proof. We note that (2.5) is true for n = 0 by fact that k£ is a transition
kernel and satisfies the Chapman-Kolmogorov equation. Assume that n > 1
and (2.5) holds for n — 1. The sum of the first n terms on the left of (2.5)
can be dealt with by induction:

n—1
(2.6) Z /k‘m(s, T, Uy d2)ky_m(u, z,t, A)

m=0X
n—1 L

= Z/km(s,x,u,dz)//knm1(U7277’7dw)
m:OX u X

X / J(r,w, dridwy)k(ry, wy, t, A)dr

(r,00)x X

t
= // / J(ryw, dridw)k(ry, wy, t, A)

u X (ro0)xX

n—1
X Z/km(s,x,u,dz)k(n_l)_m(u,z,r, dw)dr

m=0 %
t

= //k:nl(s,x,r,dw) / J(r,w, dridwy)k(ry, wy, t, A)dr.
u X (ro0)x X

The (n 4 1)-st term on the left of (2.5) is

/kn(s,x,u,dz)k(u,z,t,fl)

X
= ///k:n_l(s,x,r,dw) / J(r,w, dridwy)k(ry, wy, u, dz)k(u, z, t, A)dr
X s X (

7,00) X X

= //knl(s,x,r,dw) J(r,w, dridwy)k(ry, wy, t, A)dr,
s X (

7,00) XX

and (2.5) follows on this and (2.6). O
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Here is the a consequence, the evolution (Chapman-Kolmogorov) prop-
erty.

Lemma 2.9 (Chapman-Kolmogorov). For all s < u < t, 2,y € R? and
Ae M,

/ E(s,x,u,dz)%(u,z,t,/l) = E(s,x,t,A).
X

The proof follows that of [15, Lemma 2], using (2.5). Thus, k is a transi-
tion kernel. Similarly, k above is a transition density, provided so is k.

Exercise 2.10. Prove Lemma 2.9 in analogy to Exercise 1.3.

Remark 2.11. Estimating Ky := KJK by K is crucial. Much of our research
(K.B., K.S. et al) was devoted to this goal, including proving and applying
3G Theorems for power-like kernels and 4G (4.5G) Theorems for others. See
[19, 24,9, 12]. See [13] for cases when we get K much bigger than K or even
explosion; see [16] for gradient perturbations and [18, 17] for applications.

Remark 2.12. The parametriz method a related but more difficult subject,
where we do not have an initial transition kernel to start with, but a field of
transition kernels, see [25] and [15].

We can describe connections with ‘generators’. For instance, let p(s, z,t,y) :

pi—s(y — ) be the transition kernel of the a-stable semigroup, aka fundamen-
tal solution of 8, — AY/%:

(2.7) / / p(s,x,t,y) [0+ A2 b(t,y) dydt = —¢(s, ) ,

R Rd

where s € R, x € R? and ¢ € C°(R x R?). (Hint: Use the Fourier transform
on R%.)

Here C°(R x RY) is the class of all infinitely differentiable compactly
supported functions on R x R?, and

Aa/2¢(y) — —(—A)a/2¢(y) _ ltli%l pt¢(y)t_ ¢(y)

2°T((d + @) /2) .. Sy +2) — b(y) )
7Td/2|r(—04/2)‘ 161{51/{|z|>5} ‘z’d+a dz, Yy E R .

Let (Lo)(t,y) = 0p(t,y) + A;mgﬁ(t, y), the parabolic operator.
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We also consider kernels Q(s, z, dudz) := q(s, x)ds(du)d,(dz), the kernel
of multiplication by ¢, and P(s,z,dudz) := p(s, x,u, z)dudz, and

P:=> (PQ)"P.

We can interpret the fundamental solution (2.7) as

(2.8) PLp=—¢ (¢ € CP(R xRY)).

Let us assume, e.g., that @ > 0 and PQP < nP for some n € [0,1). Then
(2.9) P(L+Q¢=-¢  (¢€CFRxRT).

Indeed, by (2.8),

P(L+Q)¢ = Y P@QP)(L+Q)¢

= PL$+ Y (PQ)"PLo+ Y (PQ)" ¢ =—¢.
n=1 n=0
Here is what (2.9) means:

/ / B(s, 2. t,9) [0r(t, ) + AS2(t, ) + gt )6t y)] dydt = —(s, )

R R4

where s € R, z € R%, and ¢ € C®(R x R?).
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3. ...AND NONLOCAL BOUNDARY VALUE PROBLEMS

3.1. Fractional Laplacian and friends. Recall d € N := {1,2,...}, a €
(0,2), and

V() == cqalr|™®, xeR%

The constant cq, is such that
|€]* = / (1—cos¢-z)v(x)dr, €eRY
Rd

Recall v(z,y) = v(y — 1) = caaly — 2|79 We interpret v(z,y)dy as
intensity of jumps of the isotropic a-stable Lévy proces on R?, which we will
now denote (X;,t > 0). For u € C?(R?),

Aa/Qu(x) = lim [u(y) - u(x)}y(x, y)dy

+
=0T J{ly—a|>€}

= %/Rd[u(x +2) +u(z — z) — 2u(z)|v(z)dz, = e€R%

3.2. Transition semigroup (back to time-homogeneous notation).
Recall that, by the Lévy—Khinchine formula, there are smooth probability
densities with p; * ps = prrs and

/ Ty, (x)dr = 7", ¢ e RY
Rd

We denote p;(z,y) := p:(y — z), for t > 0, x,y € R% Then,

t

_ 4—d/a —1/ay,. ~ 4—dfoc o Y
pi(w,y) =t pa(t (z—y)) ~t A |z — yld+e

We get a Feller semigroup of operators (on Cy(R?)), see [17] or [26], denoted
Pf(x) = | fp(ey)dy, =R’ >0,
R

with A®/? as generator. Of course, P,P; = P s, t>0.
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Consider the space D([0,00)) of cddlag functions w : [0,00) — R%. On
D(]0,00)), we denote Xi(w) 1= wy, t > 0; Xy— := limyy X;. We also define
measures P?, x € R?, as follows:

Forz e R 0<t; <ty <...<t,and Ay, Ay, ..., A, CRY

Xt1€A17~--7 ) Pw(wtleAl,..., eA)
/dxl /de? /dajnptl €, T1 th t1($17x2) *Ptp—tp_ 1(3:71 1axn)
Ay

We let E* be the corresponding integration. We call (X, P*) the isotropic
a-stable Lévy process in R%. It is strong Markov.

3.3. The first exit time. We fix D, a nonempty open bounded Lipschitz
subset of R?. The time of the first exit of X from D is

m:={t>0: X, ¢ D}

We will consider the random variables 7p, X,,_ and X,,. We have P*(1p =
0) =1 for x € 9D. Also, P*(X,, € D) =0 for z € D.
We want to reflect X; at t = 7p back to D.
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05F

FIGURE 1. Trajectory of the izotropic a-stable Lévy process
leaving the unit disc on the plane, a = 1.8.

3.4. Killed semigroup and Ikeda-Watanabe formula. For t > 0, z €
D, and suitable functions f, we let

PPf(x) = E*[t < mp; f(X))] = /D F )PP, y)dy.

This killed semigroup (PP) is (strong) Feller: PP By (D) C Cy(D).
The I-W formula describes the law of (7p, X,,—, X,,), for x € D:

Plrp € J, X;,— € A, X, € B| :///pf(x,y)y(y,z)dydzdu.
JBA

Here J C [0,00), A C D, B C D¢. We may interpret p?(x,y) as occupation
time density.

3.5. The (tentative) reflections. We want a Markov process (Y;, ¢ > 0)
equal to X until 7p, but at 7p we will perform a reflection: instead of
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z =X, € D% we let Y,, =y € D with distribution pu(z,dy). This yields
jump intensity

(3.1) Y(z,dy) == v(z,dy) +/ v(z,dz)pu(z,dy) on D.

c

(1) Is there such a thing?

(2) How to construct the corresponding semigroup (K3, ¢t > 0) and de-
scribe its long-time behavior?

(3) What about the generator and boundary conditions?

3.6. Tightness assumption. The outcome of [20] is (just) a conservative
exponentially asymptotically stable Markovian semigroup (K, ¢ > 0), with ~
as the integro-differential kernel of generator. For this we make the following
assumptions on D and u:

D is open nonempty bounded Lipschitz set in R?. Let u: D¢ x B(D) —
[0, 1] be such that u(z,-), z € D¢, are weakly continuous tight Borel proba-
bility measures on D: for each € > 0 there exists H € D with p(z, H) > 1—e¢
for z € D°.

We will use the notation

v1pep(v, W) := / v(v, 2)u(z, W)dz, ve D,W C D.

c

3.7. Some background on “reflecting”. Similar “reflections” appeared

first in Feller [30] for one-dimensional diffusions, called instantaneous return
processes with non-local boundary conditions. Ikeda, Nagasawa, Watanabe
[10], Sharpe [18], Werner [52] deal with “piecing together”, “resurrection”,
“concatenation”.

Further (multidimensional) developments: Ben-Ari and Pinski [6], Arendt,
Kunkel, and Kunze [2], Taira [19].

For jump processes, one can make Y, depend on X, _ and X, :

E.g., KB, Burdzy and Chen [3] propose the censored processes, with the
reflection back to X,,_. Barles, Chasseigne, Georgelin and Jakobsen [/]
discuss geometric reflections depending on (X, _, X,,) for the half-space.

Dipierro, Ros-Oton and Valdinoci [28] essentially postulate u(z,dy) =
v(z,dy)/v(z, D). However, they discuss Neumann-type problems, not the
semigroup or Markov process. See also Felsinger, Kassmann and Voigt [31].
Vondracek [51] proposes a variant of [28, 31].
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Palmowski, Grzywny, Szczypkowski study “resetting” (forthcoming).
KB, Fafula, Sztonyk deal with the Servadei-Valdinoci model (forthcom-

ing).
Bobrowski [7] describes (a limiting case of) “concatenation” in “geometric
graphs”.

3.8. Objects related to X. The Green function:

Gp(r,y) ;:/ pl(z,y)dt, z,y € D.
0

The expected exit time:
E*1p :/ Gp(z,y)dy, xe€ D.
D

The survival probability:

P*(mp >t):/ ds/ dv/ dz pP (z,v)v(v, 2)
t D c
:/pf)(x,y)dy, t>0,zeD.
D

In particular, for all t > 0, x € D,

(3.2) /DptD(x,y)dy+/0tds/de/cdzpsD(x,v)l/(v,z) =1

3.9. Construction of the semigroup (K;,¢ > 0). This follows [15] and
[23], as discussed above: For t > 0, x,y € D, n € N, we let k(z,y) =

ZZO:O Dn (ta x, y), where
po(t,z,y) == pP(x,y),

t
pn(t, z,9) ::/ ds/dv/pn1(s,x,v)V1Dcu(U,dw)p0(t—s,w,y).
0 D D

In our notation of nonlocal Schrédinger perturbations (of kernels operating
on space-time),

K = ZPDV1DL )" PP.
n=0

Corollary 3.1. [, ki(z,y)ks(y z)dy = kivs(z,2) for allt >0, x,y € D.
For f € By(D), we let K,f(x) := [,, f(y)ki(x,y)dy, where t >0, z € D.
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3.10. Main results.
Theorem 3.2. [, ki(x,y)dy =1 for allt >0, x € D.

Hints: The easy part: K,1(zx) = k(z, D) := [ ki(z,y)dy < 1.
Indeed, po(t,z,D) := [, py (x,y)dy < 1. Then,

¢
pi(t,z, D) ::/ ds/ dv/ p? (z,v)v1pep(v, dw)p? ,(w, D)
0 p Jp
t
< [(as [ dwlizope.0),
0 D
so, by (3.2), po(t,z, D) + p1(t,x, D) < 1. Similarly, for all n € N,
an(t,x, D) <1.
k=0

For deeper results we use there lower bounds for fized ¢ > 0:

po(t,z, D)+ pi(t,x,D) >¢c>0, x€D,
ki(z,y) >0 >0, x€D,ye H for some H € D with |H| > 0.
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They follow from known bounds of p”. (We will discuss some of these in the

last section.)

The second bound is a Dobrushin-type condition, which yields exponential

egodicity, as follows.

Theorem 3.3. There is a unique stationary distribution k for (K;). More-

over, there exist M,w € (0,00) such that for every probability measure p on

D,
|pK; — k|l7v < Me™", ¢ >0.
3.11. Generator and boundary conditions. Given a function f € Cj(
we let
f(x), for z € D,
fu(x) = c
w(zx, f), foraxz e D
where

W) =)= [ plednf). e D
We define the space C,,(D) by
Cu(D) = {f € Cy(D) : f, € Cy(RY}.

D),
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Proposition 3.4. K,f — [ uniformly as t — 0 if, and only if, f € C,(D).
We consider the Laplace transform (resolvent) R, of K;, defined by

Ry = / e MK dt, A >0,
0
and relate it to the Laplace transform RY of PP. By perturbation formula,

t t
K, = PP+ / PalpepK; ,ds = PP + / K1pepPP ds,
0 0

which leads to
Ry = Rf + Rf\)l/]_Dc/,LR)\ = R)\D + RAlec,uR)\D.
The generator A of K; is defined on D(A) := Ry(Cy(D)) by A:= X — R;".
Theorem 3.5. For u, f € Cy(D), the following are equivalent:
(1) ue D(A) and Au = f.
(2) u e Cu(D) and, with v := v+ v1pep as kernels on D, given by (3.1),

f(z) = lim (u(y) —u(@))y(z,dy),  zeD.

e—0t {ly—z|>€e}ND

3.12. Issues.

(1) (K;) is a Cp-semigroup and has the strong Feller property, but it is
not Feller (on Cy(D)) nor symmetric nor bounded on L?(D) in gen-
eral.

(2) The existence of (Y;) requires a separate approach. (Not yet done,
but concatenation of right processes applies.) Also called piecing-out,
resetting, resurrection, instantaneous return, Neumann-type condi-
tions.

(3) Test functions C2°(D) are not in the domain of the generator.

(4) The range of the resolvent is a specific function space with boundary
condition expressed via .
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(5) It is convenient to use the Dynkin operator as generator.

(6) This is about constructing new semigroups by positive nonlocal per-
turbations of PP. The perturbing kernel “defines” boundary condi-
tions.

(7) Reflected trajectories in models without tightness can accumulate at
the boundary.

3.13. Summary. We propose in [20] a framework for constructing semi-
groups with specific reflection mechanism from the killed semigroup. The
restriction to A®? can be easily relaxed, but the tightness condition is more
tricky.

This area of research is motivated by the Neumann-type boundary-value
problems [4, 28] and by the problem of piecing-out or concatenation of
Markov processes in the sense of Ikeda, Nagasawa and Watanabe [10], Sharpe
[18] and Werner [52].

Besides construction, questions arise on large-time and boundary behav-
ior of the semigroup (process) and on applications to nonlocal differential
equations with those boundary conditions.

4. LIMITS IN THE HOMOGENEOUS SETTING

REFERENCES

[1] A. Ancona. On strong barriers and an inequality of Hardy for domains in R™. J.
London Math. Soc. (2), 34(2):274-290, 1986.

[2] W. Arendt, S. Kunkel, and M. Kunze. Diffusion with nonlocal boundary conditions.
J. Funct. Anal., 270(7):2483-2507, 2016.

[3] P. Baras and J. A. Goldstein. The heat equation with a singular potential. Trans.
Amer. Math. Soc., 284(1):121-139, 1984.

[4] G. Barles, E. Chasseigne, C. Georgelin, and E. R. Jakobsen. On Neumann type prob-
lems for nonlocal equations set in a half space. Trans. Amer. Math. Soc., 366(9):4873—
4917, 2014.

[6] W. Beckner. Pitt’s inequality and the fractional Laplacian: sharp error estimates.
Forum Math., 24(1):177-209, 2012.

[6] I. Ben-Ari and R. G. Pinsky. Spectral analysis of a family of second-order elliptic
operators with nonlocal boundary condition indexed by a probability measure. J.
Funct. Anal., 251(1):122-140, 2007.

[7] A. Bobrowski. Concatenation of dishonest Feller processes, exit laws, and limit theo-
rems on graphs, 2022. arXiv:2204.09354.



34

8]

[9]

K. BOGDAN AND K. SZCZYPKOWSKI

K. Bogdan, K. Burdzy, and Z.-Q. Chen. Censored stable processes. Probab. Theory
Related Fields, 127(1):89-152, 2003.

K. Bogdan, Y. Butko, and K. Szczypkowski. Majorization, 4G theorem and
Schrodinger perturbations. J. Evol. Equ., 16(2):241-260, 2016.

K. Bogdan and B. Dyda. The best constant in a fractional Hardy inequality. Math.
Nachr., 284(5-6):629-638, 2011.

K. Bogdan, B. Dyda, and P. Kim. Hardy inequalities and non-explosion results for
semigroups. Potential Anal., 44(2):229-247, 2016.

K. Bogdan, J. Dziubanski, and K. Szczypkowski. Sharp Gaussian estimates for heat
kernels of Schrodinger operators. Integral Equations Operator Theory, 91(1):Paper
No. 3, 20, 2019.

K. Bogdan, T. Grzywny, T. Jakubowski, and D. Pilarczyk. Fractional Laplacian with
Hardy potential. Comm. Partial Differential Equations, 44(1):20-50, 2019.

K. Bogdan, T. Grzywny, and M. Ryznar. Density and tails of unimodal convolution
semigroups. J. Funct. Anal., 266(6):3543-3571, 2014.

K. Bogdan, W. Hansen, and T. Jakubowski. Time-dependent Schrédinger perturba-
tions of transition densities. Studia Math., 189(3):235-254, 2008.

K. Bogdan and T. Jakubowski. Estimates of heat kernel of fractional Laplacian per-
turbed by gradient operators. Comm. Math. Phys., 271(1):179-198, 2007.

K. Bogdan, T. Jakubowski, P. Kim, and D. Pilarczyk. Self-similar solution for Hardy
operator. J. Funct. Anal., 285(5):Paper No. 110014, 40, 2023.

K. Bogdan, T. Jakubowski, J. Lenczewska, and K. Pietruska-Paluba. Optimal Hardy
inequality for the fractional Laplacian on LP. J. Funct. Anal., 282(8):Paper No.
109395, 31, 2022.

K. Bogdan, T. Jakubowski, and S. Sydor. Estimates of perturbation series for kernels.
J. Evol. Equ., 12(4):973-984, 2012.

K. Bogdan and M. Kunze. The fractional Laplacian with reflections, 2022.

K. Bogdan and K. Merz. Ground state representation for the fractional Laplacian
with Hardy potential in angular momentum channels, 2023.

K. Bogdan, A. Stés, and P. Sztonyk. Harnack inequality for stable processes on d-sets.
Studia Math., 158(2):163-198, 2003.

K. Bogdan and S. Sydor. On nonlocal perturbations of integral kernels. In Semigroups
of operators—theory and applications, volume 113 of Springer Proc. Math. Stat., pages
27-42. Springer, Cham, 2015.

K. Bogdan and K. Szczypkowski. Gaussian estimates for Schrodinger perturbations.
Studia Math., 221(2):151-173, 2014.

K. Bogdan, P. Sztonyk, and V. Knopova. Heat kernel of anisotropic nonlocal opera-
tors. Doc. Math., 25:1-54, 2020.



SELECTED METHODS OF POTENTIAL THEORY (PROBABILITY MINI-COURSE) 35

[26] B. Bottcher, R. Schilling, and J. Wang. Lévy matters. III, volume 2099 of Lecture
Notes in Mathematics. Springer, Cham, 2013. Lévy-type processes: construction,
approximation and sample path properties, With a short biography of Paul Lévy by
Jean Jacod, Lévy Matters.

[27] K. L. Chung and Z. X. Zhao. From Brownian motion to Schridinger’s equation,
volume 312 of Grundlehren der mathematischen Wissenschaften [Fundamental Prin-
ciples of Mathematical Sciences]. Springer-Verlag, Berlin, 1995.

[28] S. Dipierro, X. Ros-Oton, and E. Valdinoci. Nonlocal problems with Neumann bound-
ary conditions. Rev. Mat. Iberoam., 33(2):377-416, 2017.

[29] B. Dyda. Fractional calculus for power functions and eigenvalues of the fractional
Laplacian. Fract. Cale. Appl. Anal., 15(4):536-555, 2012.

[30] W. Feller. Diffusion processes in one dimension. Trans. Amer. Math. Soc., 77:1-31,
1954.

[31] M. Felsinger, M. Kassmann, and P. Voigt. The Dirichlet problem for nonlocal opera-
tors. Math. Z., 279(3-4):779-809, 2015.

[32] S. Filippas and A. Tertikas. Optimizing improved Hardy inequalities. J. Funct. Anal.,
192(1):186-233, 2002.

[33] P. J. Fitzsimmons. Hardy’s inequality for Dirichlet forms. J. Math. Anal. Appl.,
250(2):548-560, 2000.

[34] R. L. Frank, E. H. Lieb, and R. Seiringer. Hardy-Lieb-Thirring inequalities for frac-
tional Schrodinger operators. J. Amer. Math. Soc., 21(4):925-950, 2008.

[35] R. L. Frank and R. Seiringer. Non-linear ground state representations and sharp
Hardy inequalities. J. Funct. Anal., 255(12):3407-3430, 2008.

[36] M. Fukushima, Y. Oshima, and M. Takeda. Dirichlet forms and symmetric Markov
processes, volume 19 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co.,
Berlin, extended edition, 2011.

[37] W. Hansen and K. Bogdan. Positive harmonically bounded solutions for semi-linear
equations, 2023.

[38] I. W. Herbst. Spectral theory of the operator (p? + m?)'/2 — Ze?/r. Comm. Math.
Phys., 53(3):285-294, 1977.

[39] E. Hille and R. S. Phillips. Functional analysis and semi-groups. American Mathe-
matical Society, Providence, R. 1., 1974. Third printing of the revised edition of 1957,
American Mathematical Society Colloquium Publications, Vol. XXXI.

[40] N. Tkeda, M. Nagasawa, and S. Watanabe. A construction of Markov processes by
piecing out. Proc. Japan Acad., 42:370-375, 1966.

[41] A. Kalamajska and K. Pietruska-Paluba. On a variant of the Gagliardo-Nirenberg
inequality deduced from the Hardy inequality. Bull. Pol. Acad. Sci. Math., 59(2):133—
149, 2011.



36 K. BOGDAN AND K. SZCZYPKOWSKI

[42] M. Kwasnicki. Ten equivalent definitions of the fractional Laplace operator. Fract.
Calc. Appl. Anal., 20(1):7-51, 2017.

[43] P. D. Lax. Functional analysis. Pure and Applied Mathematics (New York). Wiley-
Interscience [John Wiley & Sons], New York, 2002.

[44] V. Maz’ya. Sobolev spaces with applications to elliptic partial differential equations,
volume 342 of Grundlehren der Mathematischen Wissenschaften [Fundamental Prin-
ciples of Mathematical Sciences]. Springer, Heidelberg, augmented edition, 2011.

[45] J. Minecki and K. Szczypkowski. Non-symmetric Lévy-type operators, 2023.
arXiv:2112.13101.

[46] D. Pilarczyk. Self-similar asymptotics of solutions to heat equation with inverse square
potential. J. Evol. Equ., 13(1):69-87, 2013.

[47] P. E. Protter. Stochastic integration and differential equations, volume 21 of Stochas-
tic Modelling and Applied Probability. Springer-Verlag, Berlin, 2005. Second edition.
Version 2.1, Corrected third printing.

[48] M. Sharpe. General theory of Markov processes, volume 133 of Pure and Applied
Mathematics. Academic Press, Inc., Boston, MA, 1988.

[49] K. Taira. Semigroups, boundary value problems and Markov processes. Springer Mono-
graphs in Mathematics. Springer-Verlag, Berlin, 2004.

[50] J. L. Vazquez and E. Zuazua. The Hardy inequality and the asymptotic behaviour of
the heat equation with an inverse-square potential. J. Funct. Anal., 173(1):103-153,
2000.

[61] Z. Vondracek. A probabilistic approach to a non-local quadratic form and its con-
nection to the Neumann boundary condition problem. Math. Nachr., 294(1):177-194,
2021.

[52] F. Werner. Concatenation and pasting of right processes. Electron. J. Probab., 26:Pa-
per No. 50, 21, 2021.

DEPARTMENT OF MATHEMATICS, WROCELAW UNIVERSITY OF SCIENCE TECHNOL-
0GY, POLAND
Email address: krzysztof .bogdan@pwr.edu.pl,

DEPARTMENT OF MATHEMATICS, WROCELAW UNIVERSITY OF TECHNOLOGY, POLAND
Email address: karol.szczypkowski@pwr.edu.pl



	1.  Hardy inequality and ground-state representation
	1.1. Goals and motivation
	1.2. Notation
	1.3. The Gaussian kernel
	1.4. Supermedian functions
	1.5. Schrödinger perturbation
	1.6. Hardy inequality
	1.7. The isotropic -stable semigroup
	1.8. Subordination
	1.9. Fractional Hardy inequality
	1.10. Further information about the classical Hardy identity

	2. Schrödinger perturbations and...
	2.1. A Feynman-Kac formula (down with time-homogeneous notation!)
	2.2. Integral kernels
	2.3. An upper bound
	2.4. Pointwise versions
	2.5. Transition kernels

	3. ...and nonlocal boundary value problems
	3.1. Fractional Laplacian and friends
	3.2. Transition semigroup (back to time-homogeneous notation)
	3.3. The first exit time
	3.4. Killed semigroup and Ikeda-Watanabe formula
	3.5. The (tentative) reflections
	3.6. Tightness assumption
	3.7. Some background on ``reflecting''
	3.8. Objects related to X
	3.9. Construction of the semigroup (Kt, t>0)
	3.10. Main results
	3.11. Generator and boundary conditions
	3.12. Issues
	3.13. Summary

	4. Limits in the homogeneous setting
	References

