Economathematics
Problem Sheet 3

Zbigniew Palmowski

. Prove that if X has a gaussian distribution N(m, c?) then

B (e“Xl{X>k}> _ 6am+a202/2q)<d)7

where d = 07! (—k + m + ao®) and ®(z) is a distribution function of the standard
gaussian random variable.

. Using above problem find the price of an European call option in the Black-Scholes
market.

. Prove that if X has a gaussian distribution N (m, c?) then the random variable Y = X

2 . 2 2
has a mean €™ /2 and variance e*™7" (e?” — 1).

. In the binomial lattice model (BLM), the price of asset at time n equals S,, = Sp [T, Y;
where Y; are i.i.d. r.v.s. distributed as P(Y =u) =1-P(Y =d)=pford<1+r <u
and r being an interest rate. Check that for any fixed time ¢ we can re-write Black-
Scholes continuous time asset price S; as a similar i.i.d. product by dividing the interval
(0, t] into n equally sized subintervals (0,t/n], (t/n,2t/n],...,((n — 1)t/n,t]. Defining
t; = it/n, and L; = S, /S;,_, the random variable L; can be approximated by Y;
(give some arguments based on CLT). What u,d,p should we choose (assume that
additionally ud = 1)? Recall how the risk-neutral probability p looks like. How is it
related with SDE defining .S; in Black-Scholes model under the martingale measure?

. Find the expression for A in the Black-Scholes market.
. Find the expression for I' in the Black-Scholes market.
. Find the expression for V in the Black-Scholes market.
. Find the expression for p in the Black-Scholes market.

. We give here heuristic (imprecise, original Black-Scholes) proof of Black-Scholes diffe-
rential equation. Consider portfolio with one option (long position) and some amount
A (in practice later is not fixed in time !) of underlying asset (short position). Its price
we denote as II. It is equal to

Il = V(S,t) — AS,

where V/(S,t) is option price for asset S, and S denote price of underlying asset. Using

Ito formula check that random part in formula for dII is (g—‘é — A)dS. We can delete

risk if A = g—‘g (delta hedging). Show that, assuming no-arbitrage condition on market,
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price of our hedging portfolio satisfy dII = rIld¢, where r > 0 is interest rate. Derive
the Black-Scholes equation

oV 1, ,0°V oV
- 7 - _ = 1
at—l—ZJSaSQ—H“SaS rV =0 (1)

it dS = pSdt 4+ oSAW, where W is a standard Brownian motion.

Derive equation for option price on stock S which pays dividend D continuously (e.g.
in the same, short way as above).

Derive equation for option price on currency assuming continuous interest rates of level
r and r’. That is, in holding the foreign currency we receive interest at the foreign rate
of interest r’.

Derive equation for option price on row material assuming constant cost of storage
(cost of carry) which equals to ¢. To be precise, for each unit of the commodity held
an amount ¢S; dt will be required during short time dt to finance the holding.

Derive equation for option price on futures contract. Recall that the future price of a
non-dividend paying equity F' is related to the spot price by

F = BT(T_t)ST
where T is the maturity date of the futures contract.

Find formula for option price on asset with continuous dividend D. To do that, sub-
stitute S; = S;eP? and observe that the European call option price is the price for the
basic call option substituting Sie~P"~ in the place of S.

Assume that some bank sells 106 European call options. Assume that the starting price
of underlying asset is Sy = 50, strike is K = 52, r =2,5%, T = 1/3 and o = 22,5%.
Calculate Black-Scholes price for this option. Consider two positions, described below,
which bank can take and for each calculate its net premium at maturity 7"

Covered position: At time 0 bank buys 10° underlying assets by price Sy. When
this position can be profitable?

Naked position: At maturity 7" bank buys 10° underlying assets and sells them to
options holders. When this position can be profitable?

Consider uncertain but fixed parameters. Derive the bounds in the Black-Scholes for-
mula when volatility lies within the band ¢ € [07,07] .

Similarly, derive the bounds when interest rate r > 0 lies within the band r € [r—,rT].

Derive the bounds for the option on currency when foreign interest rate ry > 0 lies
within the band 7y € [r}, 7],
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Derive the bounds when asset pays dividend D in continuous way and D lies within
band D € [D~, D*].

Consider American put option without maturity (perpetual American put) - see e.g.
chapter 9 Early exercise and American option from P. Wilmott book 'Paul Wilmott on
Quantitative Finance’ mentioned during lecture. Let V' be the price function. Why we
can assume that V' does not depend on time? Why function V' must satisfy following
condition

V(S) > max(FE — S,0),
where F is strike price?

Let V' be price of perpetual American put. Prove that V satisfy following equation
1, ,d*V dVv
Zo282 S—— —rV =0 2
277 asE s T @
if S follows Black-Scholes model. General solution of (2) is given by V(S) = C1S +
58727/ where Cy, Cy are constants. Show that for perpetual American put we
14-2r /0
have: C; = 0 and Cy = gj(mf;/%) (to do this find point S* which V(5*) =
maxg> g V(S))
Consider perpetual American call with price function V. Assume the continuous divi-
dend D. Show that function V' satisfies

1, ,d*V dv B
Show that general solution of (3) is V(S) = AS®" + BS®  for constants A, B and
aF = 1(— (r—D — 102):i:\/(r—D— 102)2+2r02).
o2 2 2

For perpetual American call V(S) = AS*". Find A and optimal time to exercise S*.
From that notice that for dividend equal to zero the optimal time is infinity.

Show that price for perpetual American put with continuous dividend D is given by
V(S) = BS“ . Find constant B and point for optimal exercise S*.

Show that for price C' of American call option with maturity 7" and strike E the
following inequality is satisfied

C>8—Ee T,
Consider American options put and call with prices P and C', with the maturity 7" and

strike /. Prove that
C—P<S—Ee" T,

Additionally show that S — F < C' — P (here we ignore influence of interest rate).
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Let V' = V(t;T) be a price of an obligation with the deterministic interest rate r =
r(t) > 0 and the maturity date 7. Additionally we assume that the bond has coupon
payments with respect to the function K(¢). If the bond at time T pays X, what is
the value of V(T';T)? If we have one bond in our portfolio, the change in time dt is

dVv
— + K(t) |dt.
( a T >)
Using no-arbitrage condition show, that V' fulfills the following equation:

dv
E"‘K(t) :7’<t>V

Additionally, using the boundary condition, prove that the solution is of the following
form:

V(t;T) = e Ji T (X + /tT K(s)efsT T(T)des). (4)

Consider that we have now a zero-coupon bond, i.e. K(¢) = 0. From the equation (4)
we have that -
V(t:T) = Xe Jo 17,

Assume that the function V'(¢;7T) is differentiable with respect to T'. Prove that

1 oV

"=y

What we can deduce from above equation?

Assume that we would like to hedge price of bond A, which YTM is equal to y4, using
another bond B, with YTM yg. Assume that change in time of y4 imply proportional
change of 1, i.e. dyq = ¢-dyg, for some constant c¢. Assume that we have bond A and
some A bonds B in our portfolio

I =Va(ya) — AVi(ys).
How we should choose A to hedge against YTM’s changes?

Prove that the solution for the short term return rate r; in the Vasicek model:
d?”t = (CL — th>dt + O'th

has the following form:

t
S T e Q
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Prove that in the Vasicek model (5) the conditional law of r; with respect of the natural
history F; is gaussian with the conditional expectation:

=bt=s) | Y _b(t—s)
Elry|Fs] = rse + 2 (1 e )

and the conditional variance:
2

Var[ry| Fs| = g (1 — e_%(t_s)) :

2
Prove that u
Jim Bl = §
and
o2
lim V. = —.
Jim ar[ry| Fs] 5

Using partial differential equations find the price of zero-coupon bond in the Vasicek
model.

Let the volatility coefficients b(-,T") and b(-, U) of the zero-coupon bonds be bounded
functions. Prove that for 0 < ¢t < T the arbitrage price of European call option with
expiration time 7" > 0 and strike price K > 0 on the bond with maturity date U > T
is given by:

C, = B(t,U)N(h(B(t,U),t,T)) — KB(t, T)N(hao(B(t,U),t,T)),

where
log(b/K) —log B(t,T) + 203 (t,T)

UU(t, T)

h1/2(b7 ta T) -

for .
W (6 T) = [ Jb(u,U) = b(u, T) Pdu.

t

Assume that the asset price under the spot martingale measure spot has the following

evolution:
dSt = St(Ttdt + O'(t)th),

where ¢ is a bounded function. Prove that if the volatility b(-,7") is bounded then the
arbitrage price of call option is given by:
Ct = StN(hl(St, t, T) - KB(t, T)N(hg(st, t, T))),
where
log(b/K) —log B(t,T) + 3v(t,T)

h1/2(b7taT> = Us(t T)

for

V2(1,T) = / " o (u) = b(u, T) [2du.

t

5



35.

36.

37.

38.

39.

Assume that we can take derivative under the expectation sign. Prove that forward
return rate is related with short rate via:

Ep«[r(T) exp{— ftT rsds}]
Ep-[exp{— [ ryds}]

where P* is the spot martingale measure. Hence indeed we have r, = f(¢,1).

f@t,T) =

Y

Consider two sides: A and B, that signed the following contract. A invests K in the
financial instrument that gives return rate R. After time 7' A pays B the amount
K, — K where K, is a investment value of A after time 7. Similarly, B invests K in
the financial instrument with stochastic return rate r; and pays its value after time T
to A. Find the swap rate R.

Find stationary distribution of the interests rate in the Vasicek model. Prove that is
density solves invariant Fokker-Planck equation (without increment with 9/0t).

In consolidated bonds we pay a unit at time dt. In other words, its price can be
described as follows: -
O(t) = / B(t, u) du.
t
Assume that bond price solves the following SDE:
dB(t,T) = B(t,T)rdt + B(t, T)b(t,T)dW,.

Prove that C solves:
dC(t) = (C(t)ry — 1)dt + oc(t)dWy,

where o¢(t) = [ B(t,u)b(t, u) du.

Consider the national (PLN) and foreign (EUR) bonds By(¢,T") and By(t,T'). Assume
that both satisfy HJM model with forward rates f; and f;:

dfd<t7 T) = Oéd(t, T)dt + O'd(t, T)th,

dfd(t, T) = Oéf(t, T)dt + O'f(t, T)th
Let the exchange rate X (PLN/EUR) has the following dynamics:

dX(t) = pt) X (t)dt + X (t)ox (t)dW;.

Prove that under the martingale measure of the national currency (PLN) the foreign
forward rate satisfies the following drift condition:

a(t,T) = os(t,T) (/tT o 5(t, u)du — ax(t)> .
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Assume, that dynamic of interest rate r is given by following stochastic differential
equation:

dr = u(r, t)dt + w(r, t)dW, (6)

where W is standard Brownian motion, u and w are some set functions. Let V (r,t;T)
denote price of bond at time ¢ with interest rate r and with maturity 7. Consider
portfolio IT of bond with maturity 77 and —A of bond with maturity 7T5:

II=V, - AV,

where V; is the price at T; (i = 1,2). Using no-arbitrage property (dII = rIldt), 1to
formula and choosing appropriate A show that

A% 1,,20%V; oV 1,,20%V;
T taW e — it qw G

0 _ or2
v = o, (7)
or or

Assume, that left and right hand side of equation (7) do not depend on 7', so we can
eliminate indexes and write

2
ot 2 or _ t
v = a(r,t)

or

for some function a. Show that we can rewrite a to a(r,t) = \(r,t)w(r,t) — u(r,t) for
some function A. Taking this a we can rewrite BS formula to

v 1 ,0*V A%

AL L — M) — — 7V = 0.

T + Sl + (u — Aw) e rV =0 (8)
Consider portfolio with only one bond with price V (r,t;T). Calculate dV from It6
formula and using equation (8) show, that

dV —rVdt = w%v(dX + Adt).
r
How we can interpret the A\(r, ) function (it is market price of risk)?

When deriving Black-Scholes formula we construct portfolio with option and —A of
asset. This time consider portfolio with two options (with prices Vi (S,t), Va(S,t)) and
different maturities (or different strikes). We have II = V; — AV,. Using the same
argument as before show that

ov 1, 8%V oV -

Note that it has the same form like equation (8). Function V' = S has to fulfill equation
(9) (why?). Rewriting the formula for V' = S we get

w—rr
o .

As =

This is market price of risk for asset. What we will get when we use this A\g in equation

(9)?
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Assume that the solution of (8) is of form V (r,t;T) = eAGT)="BET) Use this function
in (8) to rewrite the Black-Scholes formula:

0A OB 1 , , _
57 T tgW’B (= Mw)B—r=0. (10)

Taking second order derivative with respect to r show that

1 0% (w?) B 0 (u — dw)

-B =0.
2 or? or? 0
Prove that

82(w2) 0

£

2 (gr2 8 = 0.
Solve above equations. Show that

w(r,t) = yJra(t)+ 6(t). (12)

for some functions o, 3,7 i 7.

Using (11) and (12) in (10) derive formulas for A and B:

9L = wB - L80B° (13)
aa]f - ;a(t)B2+7(t)B—1. (14)

From the boundary condition deduce that A(T;7T) = B(T;T) = 0.
Assume that «, 3,7 1 7 are constant. Solve equations (13) and (14).
Consider the asset price process of the following form:
dS = pSdt + o SdWy,
where o is volatility with dynamics given by
do = p(S,t,0)dt + q(S,t,0)dWs,

where Wy, Wj are two standard Brownian motions and E(dW,dW3) = pdt (correlation
is p). Consider portfolio with two options V| V;:

M=V —-AS—-AV.

Using no-arbitrage property, using It6 formula and taking appropriate A i A; derive
Black-Scholes equation:

ov 1, 0%V PV 1,0V oV oV B
E‘Fig S @‘FPO’SQm"‘iq W"‘TS%"'_(p /\Q)% rV =0. (15>

The function A is called market price of volatility risk.
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47. (Heston model)
Consider model
dS = pSdt + /vSdw,

where
dv = (0 — v)kdt + c\/vdWy, (16)

with parameters pu, k, 6, c and assume that E(dX;dX,) = pdt . Show that

ov

— V—rV=0 17

5 TEV - , (17)
where

1 ,0*V *v. 1, 9*V ov ov

LV = §VS 552 + pcuSasay + 3¢V + TS% + ((9 — v)k — ev/UA(S, t, V>)$

48. Derive the Black-Scholes formula for X = 1In .S for S given in the previous problem.



