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Plan: Discuss [BKLP23] and related ideas

O Fractional Laplacian A%/2 = —(—A)*/?
O Dirichlet problem
© Cones and limits

© Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]
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/
Fractional Laplacian A%/? = —(—A)®/2

We fix d > 1 and 0 < o« < 2. Let
v(y) =cly|7?, yeR’.

Here c is such that

Lo = cos(€ plvy)dy = [l € e B,
RI\{0}

Define pe(x) = (27) /d et ge . xeRY, t>0.
R

Scaling: p;(x) = t=9/«py(t~1/x).

Let Pf = f % p;. We have, e.g., for f € Cg(Rd),

P:f(x) — f(x)

Jim ST i [ [fxc+y) - FOOIdy) = A2 (0).

ly|>e
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/
Fractional Laplacian A%/? = —(—A)®/2

Let Q be the class of cadlag functions X : [0,00) — RY.
For x € R? we define probability P, on Q by

Py(Xy € Bi,..., Xt, € Bn)= [pt,(x1—x) - - ‘/ptn_tn_l(x,,—x,,_l) dx, -+ - dxy.
B B,

Expectation: E, := [, dP.. Let D C RY be open,
p = inf{t >0: X, ¢ D} (exit/ruin time),

PPF(x) 1= Exlt < 10; F(X0) = [ F(y)pP(x.y)dy.

Gp(x,y) = /0 pP(x,y)dt.
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Fractional Laplacian A%/2 = —(—A)2/2

Dirichlet heat kernel=transition density of the process killed off D

PE(x,y) = pely = x) = Ex [ < 1 peerp(y — Xop)]

K. Bogdan Limits with scaling 5/26



/2

Fractional Laplacian A® /2 — —(—A)%/

Simulated trajectory t — X;, for a = 1.8, d =2

151

D=B(0,l)\

0.5

killed process

-0.5-
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Dirichlet problem

Connection to generator:

Forsc R, x e R, ¢ € C(R x D), we have

/:0 /D pe-s(x, 2) (8t + A;‘/z) o(t,y) dy dt = —¢(s, x).

Approximating ¢(t,y) := ¢(y) € C°(D), we get

/D Gp(x, ) A %p(y)dy = —p(x).
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Dirichlet problem

Glossary of formulas for Dirichlet conditions (killing/stopping on D¢):

Gp(x,y) = Jg* P (x. y)dt

Gpf(x) == [p Gp(x, y)f(y)dy = Ex [g° f(X¢)dt

wp(A) := Px[Xry € Al = J4 Jp G (x, y)v(z — y)dydz (etc.)
u(x) := Exg(X;,) is harmonic/a solution to Dirichlet problem:

A2y =00n D, u=gon D°.

u(x) :=Exg(X;,) — Gpf(x) solves inhomogeneous Dirichlet problem:

AY?y=fon D, u=gon DS

If u(x) =Exg(Xr,) — Gpf(-,u(:))(x), x € D, then
A*Pu(x) = f(x,u(x)), u=g on D, etc.
Limits with scaling
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Dirichlet problem

Glossary of formulas for Dirichlet conditions (continued).

u(tx) = [ pP(x)F(y)dy = B[t < 03 F(X)

solves 9;u = AS/?u on (0,00) x D, u(0+,-) =f on D, u(t,-) =0 on D°.

u(t,x) :=Ex [t < 71p; f(Xe)] + Ex[t > mp; g(Xrp)]
solves 0y = ALy on (0,00) x D, u(0+,-) = f on D, u(t,-) = g on D,

D
u(t,x) == Ex [t < 7p; F(X)] + Ex [t > 70; (Xo)] + Et,x/t K(s, X;)ds

solves dyu— AY2u=k u(0+,)="F u(t,) =g, etc.
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o=1.8

1

A

-0.5
Ikeda-Watanabe formula:

Py[Xrp— € dy, Xr, € dz,7p € dt] = p(x,y) v(z — y)dydzdt.

0.5 1
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Dirichlet problem

M. Riesz’ formula for the ball

M. Riesz 1938; Blumenthal, Getoor, Ray 1961:
Let x,y € B(0,1) CR?, and w = (1 — |x|?)(1 — |y|?)/|x — y|?. Then,

w

J ra/2-1
Gp(0,1)(%,¥) = Baa [x — y|*” /7&-
( ’ )( ’ ) B ’ (r + 1)d/2
0
16} 04
0351 a=0.9
120 03l
g 1 gOZS
08 0.2
06 0151
04 01
02 0.05[
T s 6 w4 0z o 0z 04 06 o8 1 % o7 o8 o5 1 f
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Dirichlet problem

For many (jump processes, times t, points x, y and) sets D C R,

pP(x,y) = PX(mp > t) pe(y — x) P¥(rp > t).

Note that
P (o > )= [ pPlxy)dy.
and ;
pe(x) & X A4 >0, xeRY.
History:
BHP,

estimates of the Green function,
estimates of the heat kernel,
subordinated BM, unimodal Lévy processes, Markov jump processes, ...

Calculate limits, when x — 0D... J
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Cones and limits

Consider open cone I' € R,

Let xp € T.

[BBO04]: For y € RY, the following limits exist

T GI—(Xa Y)
K(y) rallxnlo Gr(X,Xo) ’

Example: If [ = (0,00) C RY, then M(y) = y{/? and K(y) = y/* 1.
All cones: M(y) = |y|"M(y/|yl) and K(y) = Iy|*~ /="K (y/ly])-

[BSS15]: B = a — c@9~1* 4 |.0.t., when © — 0.
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Cones and limits

Heat kernel of the cone [BG10, BGR10] (Example):

For the circular cones I C R¢:

(11 562)*" (™

(1 A %)a/z_ﬁ Py = (1 A Ll )a/z‘ﬁ '

pl(x,y) ~

tl/a

Here:

t>0, x,y€ RY,

or(x) = dist(x, ),

B € (0, ) is the homogeneity exponent of the Martin kernel M for I
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Cones and limits

P, (t_l/aXt eAlT > t) — n(A) ast— 0.

This is how scaling works:

P, (Tr >t, tVax, e A)
]P’X(Tr > t)

P, (t‘l/"Xt cA|m> t) =

_Ptfl/ax (Tr >1, Xj € A)
]P)t—l/ax(Tr > ].)

t/%, y)dy
B Pt 1/aX T > 1)

—>/n(y)dy —: n(A).
A
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Cones and limits

If f is bounded and integrable, then

Grf
lim = K(y
r9|x_>0 M(x C/ y)dy < oc.

For x € T, let kr(x) = [rc v(y — x)dy. We get
(r>1 / / / pL(x,y)v(z — y)dzdydt

:/ooo/r /r pL(x, w)p] (w, y)dw kr(y)dydt

=Gr P} kr(x).
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Cones and limits

P! kr is bounded. J

Pkr(x) = Pu(rr > 1) [ By (> 1) (14 )™ wr()dy, x| <1.

mwgm>n_”mGﬂﬂmﬂ@

M>x—0 W © x—0 M(x) - C/r K(y)P{ﬁr(y)dy.

Let ¢ € C§°() and uy = —A*/2¢. Then Gruy = ¢ and

Pi¢ = P} Gruy, = GrPju.
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Cones and limits

i Ploty _ GﬂhA@ZCﬁKUWhAWW-

roxs0 M(x)  raxeo  M(x)

Let y € T and ¢(-) = pl(-,y) € C§°(T"). By Chapman-Kolmogorov:

Py (x,y) = /rplr(x, 2)pi(z,y)dz = P{¢(x), x€T.

Phxy) _ PLo() _ GrPlus(x)
PX(’ZT > 1) PX(Tr > 1) PX(Tr > 1)

converges as [ © x — 0.
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Cones and limits

nely) = _lim Pt (x,¥)

= —_— f I t>0 I
FBXHO]P)X(TF>1)<OO ora 0 yel

Py(Tr > 1)
M e

ne(y) =t~ @0 ap, (¢ 1ey),

ness(y) = [ m(@)pk(z.y)dz.

Remarks: the Yaglom limit measure is n(dy) = n1(y)dy
n¢(y) is the entrance law density for the killed process on T;
ne(y) is a self-similar solution of the (Dirichlet) heat equation in T.
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Cones and limits

For I' = (0,00) C R we have § = /2, P,(r > 1) = yj_‘/2 A1 and
ne(y) = t=1722ny (t71/2y), where

m(y) = n(y) = (Y2 A1)/(1+ |y)"™, yeR.

Let d =a =1and I = (0,00). Then X; is the symmetric Cauchy process
on R. Let, as usual, 7r = inf{t > 0: X; < 0} (ruin time). For x > 0, let

NI t 1 [t logs
= — - _ d 7tht
)= o o (1+e2)p8 P (W/o 1+s2 S>e

and t(x) = sin (x + §) — r(x). Then the Yaglom limit j has the density

n(y) = |im”1r(xy)\f/ A2 (Ay)e N dA, y>0.

x—0+ [P (Tr >1
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Auxiliary semigroups (1): Doob’s conditioning

For inner-fat cones the Martin kernel M is invariant for P! :

[P xM()dy = MG, £>0, xeT.
R

We define Doob-conditioned (renormalized) kernel:

_ PE(xy)
pe(x,y) == W,

With the weight M? we get:

[Py =1, xer, >0,
:

t>0, x,yerl.

/rps(Xv}/)Pt(yvz)Mz(Y)dy = pt+S(X72)7 X,Z € r? s, t> 0.

—26—d

We note the scaling, too: ps,(rt/%x, rt/®y) = r—a pg(x,y).
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Auxiliary semigroups (2): Ornstein-Uhlenbeck semigroup

We define a transition density with respect to M?(y)dy:
l(x,y) = pl,eft(e_t/o‘x,y), t>0, x,yerl.

Indeed, by Chapman-Kolmogorov and scaling of p,

/r Cs(x,)le(y, 2)MP(y)dy
- /r P1es(e /%%, y)pr_oi(e~ /2y, 2)MP(y)dy

—28—d

- /r P1es(e %%, y) (e ) o per_i(y. e/22)M2(y)dy

i\ =28—d _ _
= (e t) o pet_e—s(e s/aX, et/az):plfe—s—f(e (

s+t)/ax7z)‘

For suitable functions (densities) f we define (O-U semigroup):

Lef(y) = /r Ce(x, ) F ) M2 (x)dx.
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Stationary density

There is a unique stationary density ¢ for the operators L;, t > 0.

“Proof”: Let t = 1. Note

g P (Tr > 1)
d—a®y
p1(x,y)~(1+|y ——— x| <R, yer.
100y) & (L4 ) I
Consider functions of the form
fly)= | p(x,y)p(dx), yerT,

M
with sub-probabilities i concentrated on I'; of bounded support. We get

—d—a Py(TI' > 1)

) S (4 )=,

yerl.

We use uniform integrability, Schauder's fixpoint and positivity of /.
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Asymptotic stability

By results of Kulik and Scheutzov [KS15, Theorem 1 and Remark 2], for
every x € I we get the L!-convergence

L, 16:,3) = 0] M2(y)dy = 0 as ¢ — o,

By cosmetics, we obtain:

We have |- |p1(x,y) — ¢(y)| M?(y)dy — 0 as x — 0.

We bootstrap this to pointwise convergence and continuity of ¢.
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Continuous extension of p:(x,y)

pt(x,y) has a continuous extension to (0,00) x ' M {0} x ' N {0}.

By scaling, Chapman-Kolmogorov, for I' 5 y, x — 0,
d+23
1 (Xa y) = 27a p2(21/axa 21/o¢y)

d+

23
= 2 /p1(21/ax,Z)p1(z,21/"‘)/)/\/72(2)6/2

[ o2z 2y M ()

— 2

= [ @@ o2 )M (2)dz = Linzply) = ().

Thus, p1(0,y) := limx—o p1(x, y) = ¢(y), for y # 0, etc.
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

The self-similar solution V.(x) (aka Quasistationary
distribution/Yaglom limit)

By the theorem, for t > 0, x € RY,

r X —28—d
im 20X (0 m(x) = £ (e V) M(x).

Y= )

In particular,
Vi(x) = t$\lfl(t_l/ax), t>0, xeR9
Since pr+s(0,x) = Jr pe(0,y)ps(y; x)M?(y)dy, we get
/rpsr(y,X)‘Ut(y)dy = Veis(x).
Further, [pa We(x)M(x)dx = [pa V1(x)M(x)dx = 1.
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Yaglom limit for unimodal Lévy processes.

Symmetric stable processes in cones.

Brownian motion in cones.

On the distribution of first hits for the symmetric stable processes.

Heat kernel of fractional Laplacian in cones.
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Heat kernel estimates for the fractional Laplacian with Dirichlet
conditions.

Dirichlet heat kernel for unimodal Lévy processes.

Self-similar solutions for Hardy operator.

Estimates and structure of a-harmonic functions.

[3

Self-similar solution for fractional Laplacian in cones.

K. Bogdan Limits with scaling 26 /26



Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

Yaglom limit for stable processes in cones.

Martin kernel for fractional Laplacian in narrow cones.

Exit times of Brownian motion, harmonic majorization and Hardy
spaces.

Fractional Laplace operator and Meijer G-function.

B

Boundary Harnack principle and Martin boundary at infinity for
subordinate Brownian motions.
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Ornstein-Uhlenbeck semigroup [BJKP], [BKLP23]

[3

A coupling approach to Doob's theorem.

B

The excursion measure away from zero for spectrally negative Lévy
processes.

B

Lévy processes and infinitely divisible distributions.
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