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Operators with maximum principle

Every operator A on C∞c (R) with positive maximum principle:

sup
y∈R
ϕ(y) = ϕ(x) ­ 0 implies Aϕ(x) ¬ 0 ,

is given, by Courrége, uniquely in the form

Aϕ(x) =
d∑

i ,j=1

aij(x)DxiDxjϕ(x) + b(x)∇ϕ(x)− c(x)ϕ(x)

+

∫
R

(
ϕ(x + y)− ϕ(x)− y∇ϕ(x) 1|y |<1

)
ν(x , dy) .

Here for every x , a(x) := (aij(x))
n
i ,j=1 is a nonnegative definite real

symmetric matrix, b(x) := (bi (x))
d
i=1 has real coordinates, c(x) ­ 0,

and ν(x , ·) is a Lévy measure:
∫
Rd min(|y |2, 1) ν(x , dy) <∞ .
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Operators with maximum principle

Assume a = 0, b = 0, c = 0, ν(x , dy) = ν(dy) = ν(−dy). We construct a
corresponding semigroup as follows. For ε > 0, νε := 1B(0,ε)cν. Let

Pεt = exp(t(νε − |νε|δ0)) =
∞∑
n=0

tn (νε − |νε|δ0))n

n!

= e−t|νε|
∞∑
n=0

tnνnε
n!
, t > 0 .

Here νnε = (νε)
∗n. We get Pεt ∗ Pεs = Pεs+t , s, t > 0 . The Fourier

transform of Pεt is∫
e iuyPεt (dy) = exp

(
t

∫
(e iuy − 1)νε(dy)

)
, u ∈ R .

The measures Pεt weakly converge to a probability measure Pt as ε→ 0.
We call ν the Lévy measure of the semigroup {Pt , t ­ 0}.
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Fractional Laplacian, semigroup and process

We fix d ­ 1 and 0 < α < 2. Let

ν(y) := c |y |−d−α, y ∈ Rd .

Here c is such that∫
Rd

[1− cos(ξ · y)] ν(y)dy = |ξ|α , ξ ∈ Rd .

Define pt(x) := (2π)−d
∫
Rd

e−ix ·ξe−t|ξ|
α
dξ , x ∈ Rd , t > 0 .

Scaling: pt(x) = t−d/αp1(t
−1/αx).

Let Pt f := f ∗ pt . We have, e.g., for f ∈ C 20 (Rd),

lim
t→0+

Pt f (x)− f (x)

t
= lim
ε→0+

∫
|y |>ε

[f (x + y)− f (x)]ν(dy) =: ∆α/2f (x).
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Fractional Laplacian, semigroup and process

Let Ω be the class of càdlàg functions X : [0,∞)→ Rd .

For x ∈ Rd we define probability Px on Ω by

Px(Xt1 ∈ B1, . . . ,Xtn ∈ Bn) :=

∫
B1

pt1(x1−x) · · ·
∫
Bn

ptn−tn−1(xn−xn−1) dxn · · · dx1.

Expectation: Ex :=
∫
Ω dPx .

Let D ⊂ Rd be open; define

τD := inf{t > 0 : Xt /∈ D} (first exit/ruin time).
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Fractional Laplacian, semigroup and process

Simulated trajectory t 7→ Xt , for α = 1.8, d = 2

killed process

Rysunek: B(0, 1)=unit disc on the plane, α = 1.8.
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Dirichlet heat kernel

Dirichlet heat kernel=transition density of the process killed off D

pDt (x , y) := pt(y − x)− Ex [τD ¬ t; pt−τD (y − XτD )]

Then, PD
t f (x) := Ex [t < τD ; f (Xt)] =

∫
Rd f (y)pDt (x , y)dy ,

GD(x , y) :=
∫∞
0 pDt (x , y)dt.
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Dirichlet heat kernel

M. Riesz’ formula for the ball

M. Riesz 1938; Blumenthal, Getoor, Ray 1961:
Let x , y ∈ B(0, 1) ⊂ Rd , and w := (1− |x |2)(1− |y |2)/|x − y |2. Then,

GB(0,1)(x , y) = Bd ,α |x − y |α−d
w∫
0

rα/2−1

(r + 1)d/2
dr .
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Dirichlet heat kernel

Connection to generator:

For s ∈ R, x ∈ Rd , φ ∈ C∞c (R× D), we have∫ ∞
s

∫
D
pDt−s(x , z)

(
∂t +∆α/2y

)
φ(t, y) dy dt = −φ(s, x) .

Considering φ(t, y) = ϕ(y), we get∫
Rd

GD(x , y)∆
α/2ϕ(y)dy = −ϕ(x) .
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Dirichlet heat kernel

Glossary of formulas for Dirichlet conditions (killing/stopping on Dc):

GD(x , y) :=
∫∞
0 pDt (x , y)dt,

GD f (x) :=
∫
Rd GD(x , y)f (y)dy = Ex

∫ τD
0 f (Xt)dt,

ωxD(A) := Px(XτD ∈ A), etc.

u(x) := Exg(XτD ) is harmonic/a solution to Dirichlet problem:

∆α/2u = 0 on D, u = g on Dc .

u(x) := Exg(XτD )− GD f (x) solves inhomogeneous Dirichlet problem:

∆α/2u = f on D, u = g on Dc .
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Dirichlet heat kernel

Glossary of formulas for Dirichlet conditions (continued).

If u(x) = Exg(XτD )− GDϕ(·, u(·))(x), x ∈ D, then it solves

∆α/2u(x) = ϕ(x , u(x)), u = g on Dc .

Further, u(t, x) :=
∫
Rd pDt (x , y)f (y)dy = Ex [t < τD ; f (Xt)] solves

∂tu = ∆α/2x u on (0,∞)× D, u(0+, ·) = f on D, u(t, ·) = 0 on Dc .

Etc.

Krzysztof Bogdan Probability in PDEs: Part 1A
Probabilistic and game theoretical interpretation of PDEs 20-24 November 2023, Madrid
12 / 13



Dirichlet heat kernel
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Ikeda-Watanabe formula (for Lipschitz D):

Px(XτD− ∈ dy ,XτD ∈ dz , τD ∈ dt) = pDt (x , y) ν(z − y)dydzdt,

ωxD(dz) =

∫
D
GD(x , y)ν(z − y)dy dz .
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Dirichlet heat kernel
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Dirichlet heat kernel
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