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Operators with maximum principle

Every operator A on C2°(R) with positive maximum principle:

supp(y) = ¢(x) >0 implies Ap(x) <0,
yeR

is given, by Courrége, uniquely in the form

d
Ag(x) = 3 a(x)Dy Digolx) + bx) Vo(x) — c(x)i(x)
ij=1
+ [ (pbc+9) = 000 = yTx) ) vlx, ).
R

Here for every x, a(x) := (a;;(x))];_; is a nonnegative definite real
symmetric matrix, b(x) := (b;(x))%_, has real coordinates, c(x) > 0,
and v(x, ) is a Lévy measure: [za min(|y|?, 1) v(x,dy) < cc.
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Operators with maximum principle

Assume a=0, b=0, c =0, v(x,dy) = v(dy) = v(—dy). We construct a
corresponding semigroup as follows. For € > 0, v. := 1p()cv. Let

>t (ve — |ve|do))"”
Pf — exp(t(ug— ‘VEI(SO)) — Z ( € ’ €| 0))
n=0

o0 n..n
_ t'y
= et E 7'5, t>0.
n:
n=0

n!

Here v = (v.)*". We get P; * P = P;,,, s, t> 0. The Fourier
transform of Py is

/ei“fo(dy) = exp (t/(ei”y — l)ue(dy)) , ueR.

The measures P; weakly converge to a probability measure P; as € — 0.
We call v the Lévy measure of the semigroup {P;, t > 0}.
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Fractional Laplacian, semigroup and process

We fix d > 1 and 0 < o« < 2. Let
v(y) == cly|"?* yeR.

Here c is such that

[ = cos(€ - pulndy = [¢", € e R
Define  pi(x) := (27r)—d/ e et e xeRY, t>0.
Rd

Scaling: p;(x) = t=9/«py(t~1/x).

Let Pif := f x p;. We have, e.g., for f € C()Z(Rd),

P:f(x) — f(x)

Jim ST i [ [fxc+y) - FOOIdy) = A2 (0).

ly|>e
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Fractional Laplacian, semigroup and process

Let Q be the class of cadlag functions X : [0,00) — RY.
For x € R? we define probability P, on Q by

Py(Xy € B1,..., Xs, € Bp) ::/pt1 (xa—x)-- -/ptn,tnfl(x,,—x,,,l) dx, - - - dx.
By Bn

Expectation: E, := [, dPx.
Let D C RY be open; define

p :=inf{t >0: X; ¢ D} (first exit/ruin time).
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Fractional Laplacian, semigroup and process

Simulated trajectory t — X;, for «

D=B(0,l)\

0.5

killed process
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Dirichlet heat kernel

Dirichlet heat kernel=transition density of the process killed off D

PP Y) = pely = x) = Ex [0 < £ prrp(y — X))

Then, Pth(x) =E [t < 7p; F(Xe)] = Jga F(¥)Pr (X y)dy,
GD(Xv}/) = OOO ptD(X7.y)dt
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Dirichlet heat kernel

M. Riesz’ formula for the ball

M. Riesz 1938; Blumenthal, Getoor, Ray 1961:

Let x,y € B(0,1) CR?, and w := (1 — [x|2)(1 — |y|?)/|x — y|?. Then,
4 w ra/271

Gp(0,1)(x,¥) = Baa |x — y| O/Wdf-
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Dirichlet heat kernel

Connection to generator:

Forsc R, x e R, ¢ € C(R x D), we have

/:0 /D pe-s(x, 2) (8t + A;‘/z) o(t,y) dy dt = —¢(s, x).

Considering ¢(t,y) = ¢(y), we get

/Rd Go(x, ) A 2o (y)dy = —p(x).
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Dirichlet heat kernel

Glossary of formulas for Dirichlet conditions (killing/stopping on D¢):

Gp(x,y) = Jg~ PP (x,y)dt,

Gpf(x) := Jra Go(x, y)f(y)dy = Ex [§° F(Xe)dt,

wi(A) =Py (X, € A), etc.

u(x) := Exg(X;,) is harmonic/a solution to Dirichlet problem:

A2y =00n D, u=gon D°.

u(x) :=Exg(X;,) — Gpf(x) solves inhomogeneous Dirichlet problem:

A%y =fonD, u=gonD".
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Dirichlet heat kernel

Glossary of formulas for Dirichlet conditions (continued).

If u(x) =Exg(Xr,) — Gpp(-, u(-))(x), x € D, then it solves

A°u(x) = p(x, u(x)), u=g on DE.

Further, u(t,x) := [ga pP(x,y)f(y)dy = Ex [t < 7p; f(X¢)] solves

dru = AY2uon (0,00) x D, u(0+,-) = f on D, u(t,-) =0 on DE.

Etc.
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Ikeda-Watanabe formula (for Lipschitz D):
Py(Xrp— € dy, X, € dz,7p € dt) = pP(x,y)v(z — y)dydzdt,

w(dz) = /D Go(x, y)v(z — y)dy dz.
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Dirichlet heat kernel

Intégrales de Riemann-Liouville et potentiels.

On the distribution of first hits for the symmetric stable processes.

On some relations between the harmonic measure and the Lévy

measure for a certain class of Markov processes.

Lévy processes and infinitely divisible distributions.
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Dirichlet heat kernel

B

Potential analysis of stable processes and its extensions.

[3

Bernstein functions.

[3

Lévy systems and moment formulas for mixed multiple Poisson
integrals. Stochastic analysis and related topics.

B

Ten equivalent definitions of the fractional Laplace operator.
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