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Abtract: We study notions of large sets in Z such as syndetic sets, IP*-sets,
Central*-sets, A*-sets, etc. in the context of sets of “fat intersectons” {n € Z :
w(ANT"B) > u(A)u(B) — €}. This allows for a characterization of mixing, mild
mixing and weak mixing, as well as to identify a new intermediate class (between
weak and mild mixing).



In Furstenberg’s book one can find the following theorem: a measure-preserving
system (X, 3, u, T') is mildly mizing if and only if for any two sets A, B € ¥ and
€ > 0 the set of times of e-independent intersections

Qap={n€Z:[W(ANT"B) — n(A)u(B)| < €},

is TP*.

Also, it is not hard to deduce (and it is also written in Furstenberg’s book) that if
(X, %, 1, T) is weakly mizing then every set (% p has positive density.

Finally, directly from the definition, a system is mixing if and only if every set Q% g
is cofinite.

We will discuss a hierarchy of notions of “large” sets in Z and relate them to various
notions of mixing. Instead of e-independent intersections we will use sets of times
of e-fat intersections

Ryp={n€Z:u(ANT"B) > u(A)u(B) — €}.

There will be no time for any details, just a list of definitions and results.



Definition 1.
(1) Z denotes the collection of all infinite sets. Accordingly, Z* is the collection of
all cofinite sets.

(2) A subset F' C Z is called a A-set or we say that F' belongs to the family A, if
there exists an injective sequence of integers S = (s, )n>1 such that the difference
set A(S) = {s;i —s;j:1> j}is contained in F.

(3) The collection ZP (of IP-sets) is the union of all nonzero idempotents 0 # p €
B7Z. Accordingly, ZP™ is the intersection of all nonzero idempotents.

(4) The collection D (of D-sets) is the union of all idempotents p € SZ such that
every member of p has positive upper Banach density. Accordingly, D* is the
intersection of all such idempotents.

(5) The collection C (of C-sets or central sets) is the union of all minimal idem-
potents. (An idempotent is minimal if it belongs to a minimal right ideal in BZ).
Accordingly, C* is the intersection of all minimal idempotents.

(6) A set F' C Z is thick if it contains arbitrarily long intervals [a,b] = {a,a+ 1,a +
2,...,b}. The collection of all thick sets will be denoted by 7. The dual family
T* is easily seen to coincide with the collection of all syndetic sets (i.e., sets having
bounded gaps).

We have the following inclusions

cofinite = Z* C A* C IP* C D* C C* C T" = syndetic
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Definition 2. For a given family F, we define

Fo=J(F+k) and Fo=()(F+k.

keZ kEZ

The families F and F, are always shift invariant.

When applying these operations to a dual family F*, we will write 7 and Fg,
skipping the parentheses in what should formally be (F*); and (F*),.

Note that in general, F} is not a dual family (to anything). On the other hand,
the family F, is the dual of Fj.

Now we have the following hierarchy of notions:

Ir Cc A c IP, C D cC C: C Tk
I

[l N N N N
I* ¢ A* Cc IP* c D* C C* C T*
[l N N N N [l

I; ¢ AL c IP, Cc Dy cC Ci c Ti

FACT: only the visible inclusions (and their compositions) hold.
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Theorem 1. Let (X,%, u,T) be an invertible probability measure preserving sys-
tem. Then:

(1) For any A € B and any € > 0 the set RY 4 is a A*-set. (also proved in [K-Y])
(2) If (X, %, 1, T) is ergodic and has discrete spectrum then all sets Ry g are A%
(3) (X, %, 1, T) is ergodic if and only if all sets R p are DY.

(4) (X, %, 1, T) is weakly mizing if and only if all sets RS p are Dy.

(5) ([F]) (X, 3, u, T) is mildly mizing if and only if all sets R g are IPy.

(6) ([K-Y]) (X,%,u,T) is mizing if and only if all sets Ry p are Ag.

Theorem 2. There exists a weakly mizing probability measure preserving system
(X, 3,1, T), sets A, B € B and € > 0 such that the set R p is not IP% .

Theorem 3. There exists a weakly mizing but not mildly mixing probability mea-
sure preserving system (X, 3, u,T), such that all the sets RG p are IP% (but not all
of them are IP*).

ergodic = R('Df’_) = R(C
weak mixing = R('D*) = R('D:) = R(C*) = R(C’:)
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