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Abstract. These notes represent the graduate lectures delivered in March 2021 after the

kind invitation of the organizers of the Beethoven grant titled "Sensitivity Analysis of Non-

local Operators with Applications to Jump Processes".

1. Introduction

In these informal lecture notes, we will describe in a free format according to my inter-

ests a number of subjects that are linked by the common name of Monte Carlo methods,

approximations and jumps. It follows the discussion through the talks.

We assume that the reader has basic knowledge of stochastic differential equations with

jumps and some basics of simulation such as importance sampling and the acceptance and

rejection method.

I have not tried to put the most general framework for each problem and avoided techni-

calities. I rather concentrated on getting certain ideas across in the simplest format possible.

For general definitions and results please look at the references. The list of references should

also be looked for when searching for extra references in applications.

I also have clearly taken the path of informality in exchange of serious proof format in

order to cover a large amount of material in a short period of time. This may give a better

view of the subject to a non-expert. On the other hand, it may leave the reader wondering

how the actual proof is carried out. For this, look into the references.

Some of the references quoted at the end of the article are historical and some others

are there for further study. I will try to comment on these throughout the text. A lot of

references with some history about Multilevel Monte Carlo methods appears in the website

http://people.maths.ox.ac.uk/~gilesm/mlmc_community.html

A short statement about modes of convergence. As we will deal with approximations, it is

natural to think in which sense will these approximations converge. The two main modes of

convergence used in simulation are Lp-norms and weak convergence. In this last sense, there

are two types used for processes, one considers the limit of the approximation as processes

(using e.g. any of the Skorohod topologies) and the other uses only marginal distributions. In

more specialized research sometimes specific expectations are considered. In recent literature

people also consider Wasserstein distances, total variation distances and with them coupling

methodologies etc. All these types of convergence are interesting but in these lectures I will

http://people.maths.ox.ac.uk/~gilesm/mlmc_community.html
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concentrate on the convergence of marginals. Clearly, as one makes the norm stronger is more

difficult to obtain significant results but also the simulation methodologies tend to be more

robust.

In a general setting, one may say that the objective is to approximate a (potentially infinite

dimensional) r.v. X using an approximation X̄ ≡ X̄ε with approximation parameter ε → 0.

That is ” limε→0 ”X̄ε = X. We would like to measure the error of approximation in one of the

following ways (they are not necessarily exclusive of each other)

E
[
‖X − X̄‖p

]1/p ≤Cpε(1), e.g. ‖X‖ = sup
t≤T
|Xt|

|E
[
F (X)− F (X̄)

]
| ≤CF ε(2), F ∈ C2

|E
[
f(XT )− f(X̄T )

]
| ≤Cfε(3), f ∈ C3

inf
PX=P 1,PX̄=P̄ 1

EP
[
‖X − X̄‖p

]1/p ≤Cpε(4).

Here ε(i) are explicit functions of ε.



CHAPTER 1

Lecture 1: Unbiased Simulation methods for SDE in

1-dimension

1. Random Poisson measures

A (time-dependent) random Poisson measure process 1 is defined as follows:

Definition 1. Let (E,A, µ) be some measure space with finite measure µ. The (time-

dependent) Poisson random measure process with intensity measure µ is a family of random

variables {N(t, A)}t∈[0,T ],A∈A defined on some probability space (Ω,F ,P) such that

(1) ∀A ∈ A, N(t, A) is a Poisson process with rate µ(A).

(2) If sets A1, A2, . . . , An ∈ A are disjoint then the corresponding random processes from

(1) are mutually independent.

(3) ∀ω ∈ Ω, N(t, ·) is a measure on (E,A).

In the classical simple Poisson process case one has that E = {1} and µ({1}) = 1. In

general, one has

P(N(t, A) = k) = e−tµ(A) (tµ(A))k

k!
.

Exercise 1. Prove that the process N(t, ·) is a Markov process. In fact, let Ft, be the

σ-field generated by N(s, ·), s ≤ t. Prove that the generator given as

lim
h→0

h−1E
(∫

f(y)N(t+ h, dy)−
∫
f(y)N(t, dy)|Ft

)
=

∫
f(y)µ(dy).

Our goal is to show how to carry out the simulation of the points associated to the support

of the random measure process N(t, ·).

In order to carry out the simulation one may recall the following Binomial property of

random Poisson measures: For 0 ≤ k ≤ n,

P (N(t, A) = k|N(t, E) = n) =

(
n

k

)
µ(A)kµ(Ac)n−k

µ(E)n
.

1There are many other far more general definitions.

4
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This means that once one knows how many points have appeared at time t in the space E

their spatial distribution is determined by the measure µ(·)/µ(E).

Let us start with the simplest case: Suppose that E = [0, 1]d and µ is the uniform measure.

In this situation, one can propose

Algorithm 1. (1) Iteratively, simulate the times {Ti < t, i ∈ N} for a simple Pois-

son process of parameter µ(E) = 1.

(2) For each time Ti simulate a point Ui ∈ E with the uniform distribution.

(3) Then define N(t, A) =
∑∞

i=1 1Ti≤t1Ui∈A.

Exercise 2. Prove that the above procedure satisfies the definition of Poisson random

measure process.

In many situations the measure µ can not be easily simulated although some kind of

functional form is known. In that case, one uses the so-called “thining” algorithm which is an

acceptance-rejection algorithm.

To introduce this, let us suppose that E = Rd and f : Rd → R+ is an integrable function

so that

µ(A) =

∫
A
f(x)dx.

The methodology is to propose a function g : Rd → R+ which is a multivariate density function

from which we can simulate. We denote by G(A) :=
∫
A g(x)dx its associated measure.

We need to assume that there exists a constant M such that

ρ(x) :=
f(x)

Mg(x)
≤ 1.(1.1)

Then the proposed thining algorithm is as follows:

Algorithm 2. (1) Iteratively, simulate the times {Ti < t, i ∈ N} for a simple Pois-

son process of parameter M .

(2) For each time Ti simulate points Ui which follows the law given by the density function

g.

(3) Throw a coin Xi with probability of heads P(Xi = H) = ρ(Ui) and accept the sample

Ui if Xi = H. If this sample point is accepted continue with the space simulation on

the next time point.

(4) Then define N(t, A) =
∑∞

i=1 1Ti≤t1Ui∈A1Xi=H .
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Just to assure yourself that this methodology gives the correct law, we will compute

P(N(t, A) = 1)

=

∞∑
n=1

e−Mt (Mt)n

n!
n

∫
En−1×A

n−1∏
i=1

((1− ρ(xi))g(xi)1A(xi) + g(xi)1Ac(xi)) ρ(xn)g(xn)dx1...dxn

=e−tµ(A) (tµ(A))1

1!
.

This method is called “thinning” because one does not use all the simulated points in space.

Clearly this simulation method has its drawbacks:

(1) If the inequality (1.1) that defines ρ uses a large value of M it means that one will

be simulating many jump times for the Poisson process and many of them will be

rejected. This implies a large computation time.

(2) The above issue can be somewhat resolved by dividing the space E into a number

of disjoint subdomains (also called layers or strata). In each subdomain one can try

to improve the inequality that defines ρ and then add the resulting processes in each

subdomain. This is one of the reasons this methodology is called “thinning”.

(3) Always under the assumption that µ(E) < ∞, one can also consider an infinite

number of layers by using a randomization procedure.

There are two other extensions which one has to keep in mind. The first is the time-

inhomogeneous case.

Exercise 3. Define the number of simulations required by the above method as a function

of M and prove that there is a reduction of simulations when the function f is a density that

can be simulated. That is, in the case M = 1 and g = f .

Exercise 4. Design a thining algorithm in order to simulate a Poisson random measure

process where the rate is given by µ([0, t] × A) =
∫ t

0

∫
A f(s, x)dsdx. In this sense, many

authors do not consider the time dependent case as we have done here assuming that it is just

a particular case of the general random Poisson measure random variable.

Simulating spatial distributions is not always easy. For example:

Exercise 5. Propose a simulation method in the case that one has the following ε-

approximation of the α-stable measure (α ∈ (0, 2)) in dimension 2 which can be considered
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as the limit of the case

fε(r, θ) =
1r>ε
r1+α

µ(dθ)dr.

Here µ is a finite measure on θ ∈ (−π, π] and r > 0.

Next consider a thinning algorithm to improve the previous simulation for a second value

ε′ < ε. Try to think how to do a simulation for a sequence εn ↓ 0.

This exercise is somewhat loose and it assumes some knowledge of stable processes in

dimension 2. As this is a difficult computational task essentially due to the fact that the limit

process has an infinite number of small jumps in any closed interval. For this reason, this

model belongs to the class of “infinite activity” models.

Many problems can be reduced to the consideration to a functional of these small jumps

such as is the case of the two dimensional α-stable process.∫
[0,t]×(−π,π]×R+

reiθ
(
N(ds, dθdr)− 1r<1

r1+α
dsdµ(θ)dr

)
.

We will come back to this subject later. Now we go back into the finite case.

One may also simulate the times first and then the space variables:

Algorithm 3. (1) Iteratively simulate standard [0, 1] uniform random variables {Ui}i∈N.

(2) Define iteratively with T0 = 0,

exp

(
−
∫ Tn+1

Tn

∫
E
f(s, x)dsdx

)
= Un+1.

(3) At each time Ti simulate the space variable according to the density(∫
E
f(Ti, y)dy

)−1

f(Ti, x); x ∈ E.

Exercise 6. Prove that the two first steps of the above procedure gives the jump times of

the associated Poisson random measure process. Adding the third step gives the space variable.

1.1. Example 1: the Hawkes model. Returning to the case where the total mass is

finite a class of models which has been attracting some attention are the self-excited type of

models. One of the simplest models in this class is the so-called Hawkes model:

These type of models can be approached first with the solution X of the following equation

Xt = X0 +N(

∫ t

0
α(Xs)ds).(1.2)
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HereX0 > 0 andN is a simple Poisson process (of parameter 1) and α : R+ → R+. Inductively,

one can find that the solution of this equation is just another jump process. When one jump

happens the clock of the simple Poisson process fastens and slows down depending of the value

of α(Xs).

Exercise 7. Propose a simulation method for X.

The main theoretical interesting characteristic of the above model is that the “rate” at

which the jumps happen is random and given by
∫ t

0 α(Xs)ds.

For this reason, we need to introduce a different characterization of random Poisson mea-

sure processes using martingales.

Definition 2. A point process N : Ω × [0, T ] → N is a stochastic process that increases

in value at increasing random times Ti, i ∈ N in the following form

Nt =
∞∑
i=1

1Ti≤t.

We denote the filtration generated by N as (Ft)t≥0.

We say that the random measure µ : Ω× [0, T ]→ R+ which is predictable with respect to

(Ft)t≥0 is the compensator of the point process N : Ω× [0, T ]→ N if

E [Nt+s −Nt|Ft] = E
[∫ t+s

t
µ(du)|Ft

]
.

This generalizes the most often seen definition of simple Poisson processes as a process

which satisfies for ` ≥ 1

P(N(t+ h) = k + `|N(t) = k) = 1`=1µh+ o(h).

The advantage in this case is that now the compensator µ can be random which is the

case of the Hawkes model.

Exercise 8. Prove that in the model (1.2), one has for s, t > 0 and the filtration generated

by X

E [Xt+s −Xt|Ft] = E
[∫ t+s

t
α(Xs)ds|Ft

]
.

The model (1.2) can be somewhat extended in the following format:

Xt = X0 +

∫ t

0
β(Xs)ds+N(

∫ t

0
α(Xs)ds).
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This example shows one of the simplest examples of the so-called PDMP (piecewise deter-

ministic Markov process). Its theoretical understanding is simple, one has ordinary differential

equations to solve in between jumps. The frequency of the jumps is governed through the solu-

tion itself. The simulation may seem to be simple, but note that one has to compute solutions

of ordinary differential equations between jumps but also needs to keep track on when a jump

happens as it affects the clock of the jump process.

Exercise 9. Let φt(x) denote the flow solution of the ode

φt(x) = x+

∫ t

0
β(φs(x))ds.

Suppose that φt(x) can be computed in close form. Apply a variation of the simulation method

in Exercise 6 in order to simulate X, using φ.

Hint: The first step is to define the time T1 as the one that satisfies exp
(
−
∫ T1

0 α(φs(x))ds
)

=

U1 .

This method is clearly a theoretical one as there are very few cases where φt(x) can be

explicitly computed. In fact, there are many models where α or β are not even Lipschitz (e.g.

in most biological models coefficients are polynomials).

Most of the proposed methods discretize the ordinary differential system and then combine

them with some kind of thining algorithm. Very few methods have been developed for models

where there is infinite activity as in the case of Exercise 5.

Definition 3. A linear Hawkes model is a random Poisson jump process X such that it

satisfies

Xt = X0 +N

(∫ t

0

(
µ0 +

∫ u

0
α(u− s)dXs

)
du

)
.

Here α : [0, T ] → R+ is a decreasing function such that ‖α‖L1[0,T ] < 1. In the literature the

model is mostly proposed at the level of intensities as X is a point process with compensator

given by

µt =

∫ t

0

(
µ0 +

∫ u

0
α(u− s)dXs

)
du.

Many variants of the Hawkes model exist such as the non-linear version

µ̇t = ψ

(∫ t

0
α(t− s)dXs

)
and the multi-dimensional version of it.
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The most common simulation method uses the thinning algorithm:

Algorithm 4. (1) Iteratively, simulate the times {Ti < t, i ∈ N} using the rate

µ̇Ti−1.

(2) As the rate is time dependent, we use the thining algorithm in each time interval

[Ti−1, Ti].

Exercise 10. Give a detailed description of the above algorithm and prove that it satisfies

the required conditions for the linear Hawkes model.

Many models in neurosciences follow some of the features we have explained in this chapter.

There are also some other features that are in important in that field and for this reason require

special treatment such as multi-scaling (meaning that some components of the equation have

large values while others are small) and the dissapeareance of chaos. This latter issue may

appear to be philosophical but most deterministic models in neurosciences are unstable and

lead to chaos type structures. On the other hand, models with “appropriate” noise should

provide well defined models which can then be used for other purposes such as parameter

estimation.

2. Unbiased simulation of Stochastic differential equations

The basic continuous diffusion process that we will discuss in this section is given in two

formats one analytic and another stochastic.

For the sake of simplicity, I will mostly discuss the one dimensional case. When pertinent,

I will note when the discussion is dimension dependent..

Given a filtered probability space (Ω,F ,P) which supports a Brownian motion B = (Bt)t≥0

adapted to the filtration F = (Ft)t≥0, we consider the unique solution of the following sto-

chastic differential equation

Xt = X0 +

∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dBs.(2.1)

Here b and σ can be considered for the moment smooth with bounded derivatives.

In the one-dimensional case there are a number of exact simulation algorithms which are

an accumulation of various tricks in order to deal with the most general situations. We start

from the simplest situation.
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The first trick consists on using the Lamperti transform. That is, define

L(x) =

∫ x

c
σ(y)−1dy.

Then the law of the solution can be written using Itô’s formula and Girsanov transformation

as

E [F (X)] = E
[
F (L−1(Y )) exp

(∫ T

0
ψ(Ys)dYs −

1

2

∫ T

0
ψ2(Ys)ds

)]
.

Here, F is a functional of continuous paths in the interval [0, T ]. Furthermore, Y is a

Brownian motion and

ψ(x) = bσ−1(x)− 1

2
σ′(x).

Further, using “inverse” Itô formula one has for Ψ′ = ψ∫ T

0
ψ(Ys)dYs = Ψ(Yt)−Ψ(Y0)− 1

2

∫ t

0
ψ′(Ys)ds.

Therefore, we arrive at the formula:

E [F (X)] = E
[
F (L−1(Y )) exp

(
Ψ(YT )−Ψ(Y0)− 1

2

∫ T

0
(ψ2 + ψ′)(Ys)ds

)]
.

Finally suppose that ψ2 + ψ′ ∈ [0,M ] for some M > 0. Then we can interpret the

above expression using a point process N with random compensator given by 1
2(ψ2 +ψ′)(Ys).

Therefore

E [F (X)] = E
[
F (L−1(Y )) exp (Ψ(YT )−Ψ(Y0)) 1NT=0

]
(2.2)

The simulation in the case that F (X) = XT is performed as follows:

Algorithm 5. (1) Simulate the jump times of a Poisson process with parameter M .

(2) For each jump time S, simulate the Brownian motion Y (S) and a [0, 1] uniform

random variable, U . The result of the simulation is zero unless U ≤ 1
2M (ψ2 +ψ′)(YS).

(3) Otherwise record the result and proceed until one overpases the time T (always with

the condition in (2)) and simulate the last part of the Brownian motion.

Exercise 11. Prove that the above algorithm produces the law stated in (2.2).

Remark 1.
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Many extensions of this method are possible and we refer to the references for more informa-

tion. For example, one may consider various other functionals F for which the laws under the

Brownian case are known. Intermediate points between the jump times of the point process

can be simulated using brownian bridges. We will consider the jump case below as this is one

of the main directions of these informal notes.

On the other hand, it is not difficult to think of situations where L and/or Ψ are not explicit

and require approximation.

The most restrictive aspect is the fact that it is essentially a one-dimensional methodology.

An extension using rough path methods is discussed in [17] which is another variation of this

method although the error is ε a.s.

We will now give the description in the jump case. Suppose we want to simulate paths of

the process:

Xt = X0 +

∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dBs +

∫ t

0

∫
E
g(s,Xs−, z)N(Xs−, ds, dz).

Here N is a point process with compensator2 µ(x, ds, dz) = f(z)µ(s, x)dsdz which may depend

on the state of the process. We will suppose that g is Lipschitz and that µ is bounded by M .

Then one can show that a modification of the above ideas lead to a exact simulation method.

Exercise 12. Perform the following steps in order to prove the above statement:

(1) Use Itô’s formula in order to find the stochastic differential equation satisfied by Y =

L(X).

(2) Use Girsanov’s theorem to express the functional E [F (X)] in function of the solution

of a stochastic equation withour drift.

(3) Importantly, consider the solution of a stochastic differential equation, say Z, which

is the same as Y except that the driving point process is now given by

1

(
u ≤ µ(s, L−1(x))

M

)
N̄(ds, du, dz).

Here the compensating measure for N̄ is given by 1[0,1](u)Mf(z)dudsdz. Prove that

the law of Z and Y are the same.

(4) Propose a Monte Carlo simulation method for E [F (Z)] using the previous ideas.

2with some abuse of notation.
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A variation that has been attracting some attention is the so-called ε-strong algorithms.

In essence it means that one can use instead of Monte Carlo simulation of Brownian motion

as the initial brick in the construction any method which we know it converges a.s. to some

Brownian motion. This will provide the so-called ε-strong procedure once we know that the

error rate is almost surely controlled byMε with an explicit constantM . This can be achieved

in various ways. Two of them are by discretization of the space so that one can control the

error of the process and the other is through rough path analysis which provides almost sure

error bounds.

We will come back to some of the ideas explained here but one also understands that

the main idea of the method is to reduce a complex stochastic differential equation to the

simplicity of Brownian and Poisson components. From the theoretical point of view this

idea maybe interesting as many theoretical properties may be obtained using these unbiased

simulation structures.

3. The multi-dimensional case

If we consider the multi-dimensional case

Xt = X0 +

∫ t

0
b(Xs)ds+

∫ t

0
σ·i(Xs)dB

i
s.(3.1)

Here σi, b : Rd → Rd, i = 1, ..., k and B is a p-dimensional Brownian motion. Performing a

Girsanov transform in order to modify the drift b into a drift h requires the obtain a solution

b̄ to the equation

σ(x)b̄(x) = (h− b)(x).

Supposing that the above equation can be solved one can determine that h is such that the

equation is transformed into

Xt = X0 +

∫ t

0
σ·i(Xs) ◦ dBi

s.

In this situation, one may find an explicit solution to the above sde through the solution of

the following muti-dimensional ode:

DxF (α, x) = σ(F (α, x)).

F (α, 0) =α

Exercise 13. Find the process Y so that F (Bt, Yt) = Xt.
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Although the above may look promising, one needs to have the following condition on σ

(the so-called Frobenius condition) to assure existence and uniqueness of F , i.e., for all m ∈

{1, . . . , k}
d∑
l=1

σlm
∂σij
∂xl

=
d∑
l=1

σlj
∂σim
∂xl

.

This condition is highly restrictive in multi-dimensional cases and most example do not satisfy

it. One may think of approximations but even then the jump case seems difficult to be

considered in such a framework.

This is a problem that will be discussed in later lectures and can also be dealt with using

the following method.

3.1. The splitting method. Splitting methods are well known methods for approxi-

mation of solutions of partial differential equations. Their objective is to separate complex

calculations in steps. In particular the most common examples is to separate the calculation

of drift effects and diffusive effects.

To give the mathematical heuristics let L = L1 + L2 be the generator of a stochastic

process that we want to approximate. Suppose that we want to approximate the semigroup

P in the following way

Pt = et(L1+L2) = I + t(L1 + L2) +
t2

2
(L1 + L2)2 + ...

We will not discuss the issue concerning the stability properties which are technical properties.

We will rather concentrate on how to build approximations to P . For this one may use the

semigroups associated to L1 and L2 as follows

etL1etL2 = I + t(L1 + L2) +
t2

2
(L2

1 + L2
2 + 2L1L2) + ...

Therefore this approximation has an error of order t2. That is,

Pt − etL1etL2 =
t2

2
(L2L1 − L1L2) + ...

One idea to improve this approximation is to define the following approximation

Pt −
1

2
(etL1etL2 + etL2etL1) =

t3

3!
H6 + ...
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In fact, we leave the following approximation result to be checked by the reader (in the setting

of sde’s, this is called Fujiwara approximation of order 5)

Pt −
1

3
Q

[1]
t +

4

3
Q

[2]
t = t5H10.

Q
[1]
t =

1

2
(etL1etL2 + etL2etL1)

Q
[2]
t =

1

2
(e

t
2
L1e

t
2
L2e

t
2
L1e

t
2
L2 + e

t
2
L2e

t
2
L1e

t
2
L2e

t
2
L1).

We remark that the use of the above approximation will lead to the following approximation

result under sufficient conditions (here ξ1 = 1
3 and ξ2 = −4

3)

∣∣∣PT f(x)−
2∑
i=1

ξi(Q
[i]
T/n)nf(x)

∣∣∣ ≤ C(T, f, x)

n4
.

We have up to now just defined approximations of the semigroup Pt using composition and

combinations of the so-called “coordinate” semigroups eatL1 and eatL2 for appropiate values of

a.

The next step consists of finding probabilistic interpretations of these semigroups or if

needed, meaningful approximations. That is, in general we say that the stochastic process

Xi(x), i = 1, 2 are the coordinate processes associated to Li, i = 1, 2 if

etLif(x) = E[f(Xi
t(x)], i = 1, 2.

If such processes exist then we have a clear stochastic representation of the approximations

using compositions and randomization. For example,

1

2
(etL1etL2 + etL2etL1)f(x) = E[f(SX1

t (X2
t (x)) + (1− S)X2

t (X1
t (x)))].

Here S is a 1/2-Bernoulli random variable which is independent of everything else. Clearly one

may have that Xi is itself not the approximation of interest and that we may have to further

approximate it. This may happen in the case of Lévy driven SDE’s. In the case that a further

approximation is needed we will instead use a bar on top of the approximating semigroup,

generating operator etc.

Clearly the above decomposition has been done with just 2 operators L1 and L2 for the

sake of clarity but one can do the same for any number of them. In fact, in what follows we
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consider a decomposition using three operators as follows:

L1f(x) =

∫
|y|>ε

f(x+ h(x)y)− f(x)ν(dy)

L2f(x) =

∫
|y|≤ε

(
f(x+ h(x)y)− f(x)− f ′(x)h(x)y1(|y| ≤ 1)

)
ν(dy)

L3f(x) = −f ′(x)h(x)

∫
1≥|y|>ε

y1(|y| ≤ 1)ν(dy).

The coordinate process associated with L3 is the solution of the ODE

X3(t) = x+

∫ t

0
h(X3(s))ds

∫
1≥|y|>ε

y1(|y| ≤ 1)ν(dy).

We suppose that this can be solved explicitly or that it can be approximated up to high order.

The Asmussen-Rosiński approach in this setting is an approximation for L2. In fact if we

let

X̄2(t) = x+

∫ t

0
h(X̄2(s))dWsσε,

where σ2
ε =

∫
|y|≤ε |y|

2ν(dy). In fact, the generator of this process is known and we have using

Taylor’s expansion that

(L2 − L̄2)f(x)

=

∫
|y|≤ε

(
f(x+ h(x)y)− f(x)− f ′(x)h(x)y1(|y| ≤ 1)

)
ν(dy)−

∫
|y|≤ε

1

2
f ′′(x)h(x)2y2ν(dy)

=

∫
|y|≤ε

∫ 1

0

α2

2
f ′′′(x+ αh(x)y)dαh(x)3y3ν(dy).

Therefore choosing ε small enough so that
∫
|y|≤ε y

3ν(dy) ≤ Ct will lead to a weak error

of order 1 for this coordinate semigroup. For L1 we consider the following approximation

X̄1 = x + h(x)Y where Y = Z1(S = 1) where S is a p ≡ p(t)-Bernoulli random variable and

Z is a random variable with density function gε(y) = λ−1
ε g(y)1(|y| > ε). Let us compute the

semigroup expansion

E[f(X̄1)] = f(x)P (S = 0) +

∫
f(x+ h(x)y)gε(y)dyP (S = 1)

= f(x) +

∫
|y|>ε

(f(x+ h(x)y)− f(x))g(y)dyλ−1
ε P (S = 1).

Therefore if λ−1
ε P (S = 1) = t we will have that

E[f(X̄1)]− P 1
t f(x) = t2H4 + ...
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Therefore putting the above three schemes together one may build a scheme of weak order

one (assuming some additional regularity conditions) if the following conditions are met

λ−1
ε P (S = 1) = t and

∫
|y|≤ε

y3ν(dy) ≤ Ct2.

The second condition fixes ε and the first will fix the probability of jump in the interval. Finally

appropiate composition methods using the splitting method will finally give the approximation

method.

Remark 2. 1. Note that the proposed method gives a method with limited number of

jumps (at most the number of interval partitions). This is different from other proposals when

one simulates all jumps bigger than ε which on the average may lead to the same number of

simulations but the level of variance is so big that may lead to long computation times.

2. The reasoning as to why the Asmussen-Rosiński approach works can be well understood

from the above calculations. But it is also clear that this is not the only way of achieving

this goal. In fact, using a moment matching method one may obtain simpler approaches with

higher orders of convergence.

3. A further detailed analysis of the methodology makes you realize that in fact, increments

for the approximating random variables do not need to have any particular laws but they have

to respect some moment properties. This is called a moment method. This comment applies

to many simulation methods.

4. Although we have analyzed only the weak convergence, strong convergence results can be

achieved using embedding (or coupling) techniques. See [10] or [4].

5. Because this argument leaves a lot of error terms without any algebraic structure it is

difficult to device a general methodology to increase the rate of convergence. This is done

using the parametrix method that we will discuss later.



CHAPTER 2

Lecture 2: The Multi-level method

The first idea of this method is fairly simple and it is the use of the so-called telescopic

formula. Suppose that a = limn→∞ an. Then one clearly has that

a = a0 +
∞∑
n=1

(an − an−1).

Now, one may assume that the calculation of an becomes increasingly complex with n as

we are trying to estimate the quantity a. Therefore one expects that the approximation:∑N
n=1(an − an−1) has increasing complexity in each summand.

Therefore instead of putting all our efforts to estimate aN with a high degree of accuracy,

we can do it in reverse. That is, spend efforts in good estimation of an for low values of n and

less effort in large values of n.

This can be understood with the notion of error and variance in the Monte Carlo setting.

For this suppose that an := E[Xn] where Xn involves the amount of Cn calculations and that

|an − an−1| = |E[Xn −Xn−1]| ≤ sn.

Then we have to decide how many simulations to perform in each level. That is, we will

simulate Mn times the difference Xn −Xn−1 so that our final estimate is

āN :=X̄0(M0) +
N∑
n=1

Xn −Xn−1(Mn).

Ȳ (M) :=
1

M

M∑
i=1

Y i.

Here Y i indicate independent copies of the r.v. Y .

Therefore the total computational cost is
∑N

n=0MnCn and the variance of the estimate is∑N
n=0M

−1
n s2

n. Various types of minimization procedure can be performed. For example, fixed

the total computational cost, minimize the variance. Define a total performance indicator and

minimize it.

The important point in the procedure is to achieve sn to be small which implies that the

construction of Xn−Xn−1 has to be done in such a way so that the variance of this difference

18
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is small. his implies some coupling property in the construction or the study of the inner

structure of this error process.

The simplest form of approximation for the solution of the continuous stochastic differential

equation (2.1) is given by the Euler scheme defined on a closed interval [0, T ], using a time

partition tk = kT
n , k = 1, ..., n and given for t ∈ [tk, tk+1] as

X̄t = X̄tk + b(X̄tk)(t− tk) + σ(X̄tk)(Bt −Btk), X0 = X0.(0.1)

In the case that the equation has jumps then one has to also perform simulation of the

increments of the Lévy process.

In contrast with the Brownian case, there are simulation methods for very explicit cases

and in the general case one has to further use approximation procedures which will briefly

explain here.

For example, in the (positive valued) stable case, one has that the characteristic function

is given by

− log
(
E
[
eiθS

])
= c|θ|α

An analytical decomposition the characteristic function gives the Chambers-Mallows-Stuck/Kanter

probabilistic representation: α ∈ (0, 1) ∪ {1} ∪ (1, 2)).

In fact, a “simple” random variate generator for S has been suggested by Kanter (1975), in

the case α ∈ (0, 1) who used an integral representation of Zolotarev (1966) (see Zolotarev (1986,

p.74) for the argument which uses complex line integrals) which states that the distribution

function of Sα/(1−α) is given by

P
(
Sα/(1−α) ≤ x

)
=

1

π

∫ π

0
e−

A(u)
x du

where A is Zolotarev’s function:

A(u):=

{
(sin(αu))α

(
sin((1− α)u)1−α

sinu

} 1
1−α

Zolotarev’s integral representation implies the following probabilistic representation

S :=

(
A(U)

E

) 1−α
α

where U is uniform on [0, π] and E is exponential with mean one. This is Kanter’s method. One

can interpret E
1−α
α as the “length” of the stable r.v. and A(U)

1−α
α as its oscillation. Another

variation of these formulas were provided and generalized by Chambers-Mallows-Stuck.
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Note that the values of A(U) near U = π are explosive and a closer analysis indicates that

E[Sp] <∞ if and only if p ∈ (0, α). This property is still valid for many other general stable

r.v.’s.

Notably, I remark that there are a number of acceptance-rejection methods that have been

proposed for tempered stable distributions. There are many other notable cases which have

much simpler simulation methods such as Gamma, Cauchy, Inverse Gaussian etc.

Now, we return to the coupling issue.

For example, a simple result of this type is as follows (see [11]): Suppose that we propose

approximations of the type

Xf
j∆ = Xf

(j−1)∆ + a(Xf
(j−1)∆)ζfj , j = 0, ..., nf = T/∆

Xc
2j∆ = Xc

(j−1)2∆ + a(Xf
2(j−1)∆)ζcj , j = 0, ...., nc = T/(2∆).

Proposition 1. Suppose that the coefficient function a is uniformly Lipschitz and has at

most linear growth, that is,∥∥a(x)− a
(
x′
)∥∥ ≤ La ∣∣x− x′∣∣ , ‖a(x)‖2 ≤ B2

a

(
1 + |x|2

)
for any x, x′ ∈ Rd and some positive constants La and Ba, where for any matrix A, ‖A‖ stands

for the operator norm of the matrix A. Denote Rj := ζcj − ζ
f
2j−1 − ζ

f
2j and suppose that Rj

j = 1, . . . , nc, are zero mean i.i.d. random vectors. Moreover, assume that E
[
|X0|2

]
< ∞,

then the following estimate holds

E

[
max

j=0,...,nc

∣∣∣X∆f

j∆ −X
∆c
j∆

∣∣∣2] ≤c1

(
nfm

2
f,2 + n2

fm
2
f,1mf,2 + nfE

[
|R1|2

])
× exp

[
c2

(
nfmf,2 + n2

fm
2
f,1

)]
for some constants c1 > 0, c2 > 0 depending on La and Ba. Here, mf,2 = E[|ζfj |2] and mf,1 :=

|E[ζfj ]|.

In most continuous type cases, R1 = 0, mf,2 = O(∆) and mf,1 = O(∆). The proof of

this proposition essentially follows carefully the proof of existence and uniqueness of strong

solutions using a discrete time version of Gronwall’s inequality.

A different problem appears when considering stochastic equations which are driven by

Lévy processes with no moments like the stable case.

Exercise 14. Try to propose a way to apply the above estimates in the stable case
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Before this, let us consider the case when the Lévy process can not be explicitly simulated.

In this generality one has that the characteristic function of a multivariate Lévy process

(without Brownian and drift component) with Lévy measure ν is given by

E[eiθ·Zt ] = exp

(
t

∫ (
eiθ·x − 1− 1|x|≤1iθ · x

)
ν(dx)

)
.

Here ν satisfies that

∫
(|x|2 ∧ 1)ν(dx) <∞.

In many results we have given so far the condition that the compensating measure of a point

process is finite is loosely equivalent to the fact that the Lévy process can be characterized as

some variation of a compound Poisson process.

In the case that ν({x; |x| ≤ 1}) = ∞, usually called the infinite activity case, the study

can be characterized using the so-called Blumenthal-Getoor index which measures how many

moments of Z are finite. Without going into much detail, I will just say that in the case

ν(dx) = |x|1−αdx which corresponds to the α-stable case in one dimension explained before

moments of order p ∈ (0, α) are finite while higher moments are infinite. This creates a

problem in the application of Proposition 1.

A general approximation procedure was proposed previously as the Asmussen-Rosinński

method [3]. The approximation consists in dividing the Lévy process in two parts. One

contains the large jumps and the small jumps are approximated by a Gaussian random variable.

One way to explain why this approach works is through Itô’s formula. Suppose that the

approximation in one dimension is defined as Z̄t = Zεt + aεBt. Here aε > 0 is a constant to be

determined through the error analysis argument. Also Zε is the Lévy process defined through

the Lévy measure ν(· ∩ {x; |x| > ε}). Consider the intermediate process Yt = x+Zt + Z̄T − Z̄t
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and the smooth semigroup P̄tf(x) = E[f(x+ X̄t)]. Then

E [f(Yt)− f(Y0)] = E[P̄T−tf(x+ Zt)]− P̄T f(x)

=E
[∫ t

0

∫
P̄T−sf(x+ Zs + y)− P̄T−sf(x+ Zs)− (P̄T−sf)′(x+ Zs)y1(−1,1)(y)ν(dy)

]
− E

[∫ t

0

∫
[−ε,ε]c

P̄T−sf(x+ Zs + y)− P̄T−sf(x+ Zs) + (P̄T−sf)′(x+ Zs)y1(−1,1)(y)ν(dy)

]

− E
[
a2
ε

2

∫ t

0
(P̄T−sf)′′(x+ Zs)ds

]
=E

[∫ t

0

∫
[−ε,ε]

P̄T−sf(x+ Zs + y)− P̄T−sf(x+ Zs) + (P̄T−sf)′(x+ Zs)y1(−1,1)(y)ν(dy)

]

− E
[
a2
ε

2

∫ t

0
(P̄T−sf)′′(x+ Zs)ds

]
.

Using Taylor’s formula one understands that to make the above difference small one needs to

take

a2
ε =

∫
[−ε,ε]

y2ν(dy).

The the residue will be of order
∫

[−ε,ε] |y|
3ν(dy) ≤ εa2

ε .

Therefore if we consider t = T in the above expression, we obtain for f ∈ C3
b

|E
[
f(x+ ZT )− f(x+ Z̄T )

]
| ≤ Cf

∫
[−ε,ε]

|y|3ν(dy).(0.2)

In order to consider the multilevel method one needs stronger results using coupling argu-

ments. The next portion is taken from [30]. For the general case, see [64] and [21].

Consider two laws P,Q on R with finite variance. The Wasserstein distance W2 is defined

by

W2
2 (P,Q) = inf

{
E
[
|X − Y |2

]
,L(X) = P,L(Y ) = Q

}
With an abuse of notation, we also write W2(X,Y ) = W2(X,Q) = W2(P,Q) if L(X) = P

and L(Y ) = Q. We recall the following result of Rio [Theorem 4.1]. Theorem 5. There is an

universal constant C such that for any sequence of i.i.d. random variables (Yi)i≥1 with mean

0 and variance θ2, for any n ≥ 1,

W2
2

(
1√
n

n∑
i=1

Yi,N
(
0, θ2

))
≤ C

E
[
Y 4

1

]
nθ2

Here N
(
0, θ2

)
is the Gaussian distribution with mean 0 and variance θ2.
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Corollary 6. Consider a pure jump centered Lévy process (Zt)t≥0 with Lévy measure ν.

In other words Zt =
∫ t

0

∫
R∗ zM̃(ds, dz), where M̃ is a compensated Poisson measure with

intensity dsν(dz). There is an universal constant C such that

∀t ≥ 0, W2
2 (Zt,N (0, tm2(ν))) ≤ Cm4(ν)

m2(ν)

In heuristic terms, the spirit of the above result resembles the basic argument to obtain

(0.2) with more technicalities1. In fact, the fourth moment appears instead of the moment of

order three and the variance in the denominator appears because one needs to use non-regular

functions f and therefore the need for integration by parts formulas.

If this result is applied to the distance between Z and Z̄ one obtains instead that the

bound of the error is ∫
[−ε,ε] |y|

4ν(dy)∫
[−ε,ε] |y|2ν(dy)

≤ ε2.

Still, how to apply the multi-level method for stable driven type sde’s does not seem

completely treated in the literature due to moment problems as explained before (for some

results in some cases see [11], [24] and [23]). From now on, I start to describe results in cases

where there are still many things to be developed.

Other models in this family that I would like to discuss later are the α-CIR and Boltzmann’s

models.

1. The multilevel method as a unbiased simulation method: The variance blow

up problem

Because of the difficulty to quantify the discretization error, there is an interest in so-called

unbiased simulation methods. These methods allow for automatization and parallelization

which can increase the efficiency of the simulation.

We differentiate here between exact methods and unbiased methods. Exact meaning to

sample a path, at a finite set of points, with the distribution of the sde, while unbiased

means that we can, with out bias, estimate E [f(XT )]. As we have seen in Chapter 1 this

is possible in one dimension using Girsanov’s theorem. We will now discuss the situation in

higher dimensions.

1One needs to apply some inequality related with Zolotarev distances which gives some weak duality form

for W2
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For the sake of the argument, let Xn
T denote an approximation of XT using an Euler

method with uniform time steps of length 2−nT , n ≥ 0. The MLMC method, introduced in

[33], is then to approximate E [f(XT )],

E [f(XT )] ≈ E
[
f(X0

T )
]

+
n̄∑
n=1

E
[
f(Xn

T )− f(Xn−1
T )

]
,

up to some final level n̄. At each level a certain number of Monte Carlo samples are generated

and the sample average then approximates the expectation. Choosing the number of samples

at each level in a good way will improve the convergence rate compared to the Euler method.

Now, letting n̄→∞ we can write, assuming convergence,

E [f(XT )] = E
[
f(X0

T )
]

+

∞∑
n=1

E
[
f(Xn

T )− f(Xn−1
T )

]
=E

[
f(X0

T )
]

+
∞∑
n=1

pn
E
[
f(Xn

T )− f(Xn−1
T )

]
pn

=
1

p0
E
[
1(N = 0)f(X0

T )
]

+ E

[
1(N ≥ 1)

f(XN
T )− f(XN−1

T )

pN

]
,(1.1)

where N is a random variable with distribution pn > 0, n ≥ 0. The last expression above

can be simulated unbiasedly using Monte Carlo methods. Now, we would like to discuss the

second moment of the above proposed estimator. A straightforward calculation gives

E

(f(XN
T )− f(XN−1

T )

pN

)2
 ≤ C ∞∑

n=1

rn
pn
,

where rn := E
[(
f(Xn

T )− f(Xn−1
T )

)2]. As discussed previously, the rate at which this error

goes to to zero is well understood. In fact, under sufficient regularity hypotheses on b, σ

and f one knows that rn = O(2−n). Then the variance of the method will be finite if we

choose pn ∼ 2−nn2. On the other hand, note that the average number of random number

generators used can be considered to be
∑∞

n=1 2npn =∞. Therefore the procedure is doomed

to have infinite variance as long as ∞-level Monte Carlo method goes. The choice of pn may

be changed in order to make the average complexity finite but then the variance of the method

will be infinite.

The interpretation of the method is clear. The method has no bias because it relies on an

infinite order expansion. The level used in each simulation is determined by the value of the

random variable N and the amount of simulation in each level is determined by the choice of
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the probability distribution pn, n ≥ 0. Still, as it can not be applied in the ∞-dimensional

case, one tries to approximate it by taking a certain number of levels. In fact, the previous

calculation shows that taking too many levels in the MLMC may lead to the wrong result.

One remedy is to use the Milstein scheme which improves on the order of strong convergence.

However this assumes more regularity and is also difficult to use in multidimensional problems

(for more on this, see [34]).

Furthermore, in the case that the coefficients σ, b are Hölder functions and f is not a

regular function it is well known that the rate rn degenerates quickly (see e.g. [41] and [5]).

Therefore the applicability of the MLMC method as understood above is limited. For this

reason, we will propose in the next chapter to use the parametrix method of approximation

as one possible extension of the MLMC method in what follows. This method will allow

a more profound analysis of the differences between approximations showing exactly where

the variance explosion appears. This variance problem will then be solved by using a more

accurate expansion.

The principle of simulation without bias just described can also be found in [59] and [60]

which have already appeared in [51] which cites [36] as a source of this idea. As explained

in Section 3 of [60] one can not apply L2(Ω) criteria to this problem and even if a criteria in

probability is applied as in Section 4 in that same paper then the computational complexity

increases as the strong rate of convergence slows down.

Methods have also been derived for some special cases, e.g. [26] for the SABR model and

[19] for the Heston model. These methodologies may be of interest in later chapters.



CHAPTER 3

Lecture 2A: An infinite level Monte Carlo method: The

parametrix

We have seen in previous chapters that the main goal is to approximate E [f(X)] for various

functionals f and for various stochastic processes X.

We have also observed that it is difficult to obtain an unbiased method for multidimensional

processesX. In the methodology using Multi level Monte Carlo, we have seen a way of carrying

out a randomization which allows the possibility of unbiased simulations.

In this chapter, I switch to one dimensional continuous diffusion processes with no drift

for ease of explanation and more importantly because the problems with jumps in the case of

finite compensator dealt as in chapter 1 have not been well developed as we will point out at

the end of this lecture. We assume regularity of coefficients and uniform ellipticity.

Therefore, the goal in this chapter is to obtain formulas of the type:

E [f(XT )] =E
[
f(X̄π

T )ZT

]

ZT =1NT=0 + 1NT>0

NT∏
i=1

θζi+1−ζi(X̄
π
ζi
, X̄π

ζi+1
).

In the above, we have used the following notation:

(1) f ∈ Bb(R;R)

(2) X̄π0 : approximation process for X defined for any partition π0 of [0, T ].

(3) N is a Poisson process with jump times {τi}i independent of {X̄π0 ;π0}

(4) In the above formula, we abuse the notation letting X̄π
T := X̄π0

T

∣∣
π0=π

where π :=

{ζi := τi ∧ T}.

The general parallel with the unbiased formulas in 1 is that ZT replaces the change of measure

due to Girsanov’s theorem. As can be expected ZT can not define a change of measure.

26
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Exercise 15. We may discuss in this exercise the change of measure in the case that there

is no drift. Prove that the change of measure that changes the process X̄π
T into XT can not

converge as ‖π‖ → 0.

In fact, consider πn to be the uniform partition of size T/n and denote by X̄n the respective

Euler scheme. Prove that the Radon-Nykodim derivative associated to the change of measure

Pn := P ◦ (X̄n
tm1
, ..., X̄n

tmm
) −1 to Pm := P ◦ (X̄m

tm1
, ..., X̄m

tmm
)−1 for m ≥ n and πm = {tmi =

iT/m; i = 1, ...,m} is given by

dPm

dPn
(x1, ..., xm) :=

m∏
j=1

√
σnj
σmj

exp

(
−(anj − amj )

(xj − xj−1)2

2amj a
n
j ∆m

)
.

Here we are using a simplified notation fnj := f(X̄n
tmj

), ∆m := T/m and a = σ2.

One expects that

m∑
j=1

(anj − amj )
(X̄n

j − X̄n
j−1)2

2amj a
n
j

→
∫ T

0

a(X̄n
η(s))− a(X̄n

s )

2a(X̄n
s )

ds.

Analyze the remaining terms and convince yourself that the above can not be expected to

converge. Other indications can be obtained reading about Kakutani’s theorem or Cameron-

Martin theorem.

1. The Duhamel principle

Let L be a differential operator let Pt = e−tL its generating semigroup. Let L̄ be an

approximating operator and P̄ its approximating semigroup. Then the following Taylor-like

expansion can be obtained if L̄ is “good enough”

Ptf − P̄tf =

∫ t

0
∂s
(
PsP̄t−sf

)
ds

=

∫ t

0

(
Ps(L− L̄)P̄t−sf

)
ds

This is a linear equation in P which can be solved by iteration. The first step is as follows:

Ptf − P̄tf =

∫ t

0

(
P̄s1(L− L̄)P̄t−s1f

)
ds1 +

∫ t

0

∫ s2

0

(
Ps1(L− L̄)P̄s2−s1(L− L̄)P̄t−s2f

)
ds1ds2.

(1.1)
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Denote by Ss(x, y) := (L− L̄)P̄sδy(x). Then we have

Ptf(x) =

∞∑
m=0

Im(t, x)(f)(1.2)

I0(t, x)(f) :=

∫
f(y)p̄t(x, y)dy

I1(t, x)(f) :=

∫ ∫ t

0

∫
p̄s1(x, y1)St−s1(y1, y2)f(y2)dy1ds1dy2

Im+1(t, x)(f) :=

∫ t

0
Im(sm+1, x)(Fsm+1)dsm+1

Fs(y) :=

∫
St−s(y, z)f(z)dz.(1.3)

An explicit example:

If P̄ denotes the semigroup generated by the Euler scheme, we have

P̄ zt f(x) =

∫
f(y)p̄zt (x, y)dy

p̄zt (x, y) :=
1√

2πσ(z)
exp

(
−(y − x)2

2a(z)t

)
dy

L̄zf(y) =
a(z)

2
f ′′(y).

Note that one usually sets z = x as the Euler scheme is described probabilistically as X̄t =

x+ σ(x)Wt which has the density p̄xt (x, y). Note that in the above argument the expression

(L− L̄z)P̄ zt−s1f(y1) =
1

2
(a(y1)− a(z))∂2

x

∫
p̄zt−s1(x, y2)f(y2)dy2

∣∣∣∣
x=y1

=
a(y1)− a(z)

2a(z)(t− s1)

∫ (
(y2 − y1)2

a(z)(t− s1)
− 1

)
p̄zt−s1(y1, y2)f(y2)dy2.(1.4)

The fact that the term t− s1 appears in the denominator is problematic as we need to make

sense of the first term in (1.1): ∫ t

0

(
P̄s1(L− L̄)P̄t−s1f

)
ds1(1.5)

In fact, using the uniform ellipticity and the Liptschitz property of a, we obtain as a bound

|
(
(L− L̄)P̄ zt−s1f

)
(y1)| ≤ C‖f‖∞

|y1 − z|
t− s1

.

From here one obtains that the time integral in (1.5) is well defined if .
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2. Probabilistic representation through Taylor

We can re-interpret the above developments as a random Taylor expansion

E [f(XT )] =E
[
f(X̄NT+1)

NT+1∏
i=1

θi
]
.

Here Y is an approximation. In the which for some reason(s) maybe changed to X̄.

f(XT ) f(YT )

f(XT (α, Yα)) f(YT (α, Yα))

....

NT = 0

Residue

Distanceθ1

Distance θ2

Residue

NT = 1

Recall that the jump times of a Poisson process given the number of jumps follow the

distribution of the order statistics. That is,

(1) The sum over the variable m in (1.2) indicates the number of jumps of the Poisson

process Nt.

(2) The iterated time integrals in the simplex 0 ≤ s1 ≤ ... ≤ sm ≤ t can be interpreted

probabilistically as the distribution of the m-jump times of the Poisson process con-

ditioned on the fact that the Poisson process jumped m-times in the interval [0, t].

(3) Each occurence of p̄ in the formula for Im corresponds to one iteration of the Euler

scheme.

(4) The formula for θ corresponds to the evaluation in (1.4) for z = x which equals to a

multiple of the second order Hermite polynomial associated to p̄.

From the above observations the probabilistic representation arises. In fact, one obtains that

θs(y1, y2) =
a(y2)− a(y1)

2a(y1)s

(
(y2 − y1)2

a(y1)s
− 1

)
.

The problem with this representation is that its variance will be infinite (exercise).

One solution is to perform importance sampling with respect to the jump times. The most

recent solution to this problem is to obtained a refined approximation using I0 and I1 and

redo the iteration. This is done in two different ways in [2] and [20].



CHAPTER 4

Lecture 3A: Two problems

In this final chapter, I would like to describe two problems that I consider to be related.

1. The α-stable CIR model

The first problem is to consider the approximation to the following model called the α-CIR

model:

Xt = x+

∫ t

0
a(b−Xs)ds+ σ

∫ t

0

√
XsdBs + σZ

∫ t

0
X

1/α
s− dZs.

Here Z is an α-stable process with α ∈ (1, 2] and positive jumps. General considerations of

existence and uniqueness can be found in [32] or [50]. This is a model that maybe used in

problems related to interest rate models in mathematical finance (see [44]) but can also be

considered as a limit for certain type of branching models (see [45]).

Building approximations to this problem can be obtained from the generator of X:

Lf(x) =a(b− x)f ′(x) +
a

2
xf ′′(x) + aZx

∫
(f(x+ z)− f(x)− f ′(x)z)ν(dz)

ν(dz) :=C1(z > 0)z−(1+α)dz

In fact the case aZ = 0 corresponds to the so-called Cox-Ingersoll-Ross model for which

there is an explicit density. One way to obtain this density is by starting with an ansatz

A(t, x, y) and then iterate the errors which can be discerned by computing (∂t − Lx)A. In a

similar way, one can “probably” obtain an expansion of the density in the case that a = 0.

These are principles that are related to the parametrix method.

In this case, one has to be careful with the time-space re-scaling properties (probably

discussed in A. Kulik lectures).

From these considerations, one may expect to obtain theoretical properties related to the

density of the solution process. Also, one should obtain a simulation method as proposed in

the previous chapter may be obtained. There will still issues about infinite moments which

will need to be treated. Some results on the strong approximation are available (see [48] and

30
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[49]). Still, many equations of these type which explore the limits of coefficient irregularity in

equations with jumps can be studied. Within a large literature we mention [43], [57] etc.

The Boltzmann equation is a non-linear equation related to the density of particles within

a gas. We consider an imaginary situation where particles collide in a medium and we observe

a section of it, say R2. These particles collide at a certain angle θ and velocity v which

generates a certain force within a gas.

The Boltzmann equation main quantity of interest ft(v) describes the density of particles

traveling at speed v at time t > 0 supposing an initial distribution f0. We assume that these

densities are equal all over the section and therefore independent of the position within the

section.

The feature of interest to be proven here is that even if f0 is a degenerate law in the sense

that it is concentrated at some points, the noise in the corresponding equation will imply that

for any t > 0 ft will be a well defined function with some regularity.

The presentation format in this section follows closely the one presented in [6] with some

simplifications. This field of research is growing very quickly and therefore even at the present

time the results presented here may be outdated. Still, our intention is to provide an explicit

example of application of the method presented in the previous chapter.

2. 2D homogeneous Boltzmann equations

In this section, we provide the basics of the Boltzmann equation needed in order to proceed

without going into too many (interesting) physical and mathematical details. In particular,

our physical explanations below are just in order to give a very loose idea of the physical set-up

without claiming exactness.

Fix T > 0, 0 < γ ≤ 1 and 0 < α < 1 throughout the chapter. Define b(θ) = |θ|−1−α.

In what follows, ft(v) denotes the density of particles with velocity v at time t ≥ 0. Also let

Π := [−π/2, π/2] and A(θ) := (Rθ − I)/2, where I is the identity matrix and Rθ is the 2D

rotation (particle collision) matrix of angle θ:

Rθ =

cos θ − sin θ

sin θ cos θ

 .

Consider the 2-dimensional spatially homogeneous gas modeled by the Boltzmann equation:

(2.1)
∂ft(v)

∂t
=

∫
Π

∫
R2

{
ft(v

′) ft(v
′
∗)− ft(v) ft(v∗)

}
B(|v − v∗|, θ) dv∗ dθ,
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where B(|v − v∗|, θ) = |v − v∗|γ b(θ), b(θ) = |θ|−1−α for α ∈ (0, 1) describes the cross section

physical structure in terms of angle and speed change, and

v′ = v +A(θ) (v − v∗), v′∗ = v∗ −A(θ) (v − v∗).

The family of finite measures
{
ft ; 0 ≤ t ≤ T

}
is called a weak solution to (2.1), if it satisfies

d

dt

∫
R2

ψ(v) ft(dv) =

∫
Π

∫
R2

∫
R2

{
ψ
(
v +A(θ) (v − v∗)

)
− ψ(v)

}
B(|v − v∗|, θ) ft(dv) ft(dv∗) dθ

for any t ∈ (0, T ] and any globally Lipschitz continuous function ψ : R2 → R.

Loosely speaking, the equation (2.1) describes the time evolution of a gas due to the

collision of particles which is given by the integral operator on the right side of (2.1). In this

right side, the difference ft(v′) ft(v′∗)− ft(v) ft(v∗) describes essentially the change of density

due to the result of the collision of particles. Some of them are lost as they gain other speeds

and other are added as they achieve a certain speed. The function B describes the interaction

between the particles, such as the strength of the collision. For more details and the exact

physical meaning of the various terms, we refer the reader to [1] and [63].

The learned techniques for the α-stable CIR model are probably related to this model

because on the one hand the function b corresponds to a stable measure close to zero and the

function B is a power function. In fact, as Π is a compact set the behavior at infinity is not a

problem in this case.

From the mathematical viewpoint, notice that the equation described in (2.1) is non-linear

in ft. In fact, it is linear in this variable on the left hand-side of the equation and quadratic

on the right-hand side of the equation. This issue provokes additional problems that do not

appear in the case of classical stochastic equations which have been considered so far.

Additionally, this problem is non-linear because we see the appearance of products of the

density functions on the right hand side of 2.1. In this sense, one may say that this equation

is of McKean-Vlasov type. We have also understood that one way to propose a solution is to

find a good ansatz.

Moreover, if we assume the principles of conservation of mass, momentum and kinetic

energy hold, then the following restrictions are imposed onto the solution of (2.1)∫
R2

ft(dv) =

∫
R2

f0(dv),

∫
R2

v ft(dv) =

∫
R2

v f0(dv),

∫
R2

|v|2 ft(dv) =

∫
R2

|v|2 f0(dv).

Without loss of generality, we shall suppose that
∫
R2 f0(dv) = 1 and

∫
R2 v f0(dv) = 0. Fur-

thermore, we will suppose that f0 is not a Dirac mass. In fact, we will suppose the slightly



3. STOCHASTIC REPRESENTATION 33

stronger condition
∫
R2 |v|2 f0(dv) > 0. In fact, the conservation of momentum and kinetic

energy are only heuristic in the above understanding of weak solutions. They are obtained by

choosing the appropriate function ψ.

Exercise 16. Prove that in the case that there is an x ∈ R2 such that f0({x}) = 1 then

the solution to (2.1) is the trivial solution. That is, one needs at least two different speeds on

the gas in order to create a non-trivial solution.

The goal of the line of research we intend to introduce here is to prove that even in the case

that f0 does not have a smooth density, the collision strength characterized by B, implies the

existence of a somewhat smooth density for ft, for any t > 0, α ∈ (0, 1) and γ ∈ (0, 1]. Various

of these cases have an associated physical interpretation. We refer the reader again to [63] for

explanation and we just remark that there are the following cases in R3: for γ = (s−5)/(s−1)

and α = 2/(s− 1),

• s > 5 is called the hard potential case,

• s = 5 is called the Maxwellian potential,

• 7/3 < s < 5 is called the moderate soft potential case,

• 2 < s < 7/3 is called as the very soft potential case,

• s = 2 is called the Coulomb potential,

where s is the parameter that characterizes the force exerted between particles, that is, two

particles separated by a distance r in R3 exert each other a force of the order r−s (which is

expressed by B in (2.1)).

3. Stochastic representation

Here, we present a probabilistic representation for the solution of (2.1) which may be

useful.

Let V0 be an R2-valued random variable with the law f0(dv). Consider the R2-valued

process V =
{
Vt ; 0 ≤ t ≤ T

}
with law {ft; 0 ≤ t ≤ T} determined by the stochastic

differential equation:

(3.1) Vt = V0 +

∫ t

0

∫
Π

∫
R2

∫ +∞

0
A(θ)

(
Vs− − v

)
1[u,+∞)

(
|Vs− − v|γ

)
dN ,



3. STOCHASTIC REPRESENTATION 34

where dN = N (ds, dθ, dv, du) is the Poisson random measure over [0, T ]× Π× R2 × [0,+∞)

with the intensity measure

dN̂ = N̂ (ds, dθ, dv, du) := ds b(θ)dθ fs(dv) du,

independent of V0. This means that the space of jumps is a subset of R4.

Exercise 17. Show that the total mass of the compensator is infinite. That is, N̂ ([0, T ]×

A × R2 × B) = ∞ if either A ⊂ Π includes a neighborhood of 0 or B ⊂ [0,+∞) is a set of

infinite measure. This implies that the construction of the above Poisson random measure has

to be understood as the limit of Poisson random measures.

Exercise 18. Prove that if V is a solution for (3.1) then E[Vt] = E[V0] = 0 and E[|Vt|2] =

E[|V0|2] > 0 for all t > 0.

It is known that there exists a unique strong solution to the equation (3.1) such that the

probability law of Vt is ft(dv) (cf. [6]-Proposition 2.1-(i), [62]-Theorems 4.1 and 4.2). In

particular, we note that this is an infinite activity driving process, because
∫ ε

0 b(θ)dθ = +∞

for any ε > 0. The reason why the stochastic integral in (3.1) is well defined in the variable θ is

due to the behavior of A. In fact, Aij(θ) b(θ) = O(θ1−α)δij+O(θ−α) as θ → 0 for i, j ∈ {1, 2}.

For the variable u, one has that the moments of the variable |Vs− − v|γ are bounded. In fact,

even its exponential moments are bounded.

Therefore the goal is to provide simulation methods for ft for t > 0.



CHAPTER 5

Lecture 3B: Using simulation methods to study densities

It is clear intuitively speaking that approximations could be used to study the laws of their

limit processes.

We will try to be more specific about this topic.

Historically, Malliavin Calculus is a theory that was built in order to prove Hörmander’s

theorem about the regularity of the laws of hypoelliptic diffusions (although in the theory of

partial differential equations is stated in a different but almost equivalent form). This differ-

ential calculus on Wiener-Poisson space is based on the fact that expectations are “integrals”

over an infinite number of independent increment of a basic process, say X. The first step

consists in introducing the differential operator:

Ds =
∂

∂∆Xs

This derivative operator is closed using limit arguments. Then one creates its dual operator

(equivalent to an extension of the stochastic integral). This dual operator gives rise to an

integration by parts which can be used for studying the regularity of the law of the solution

of a stochastic equations.

In the case of processes with jumps (usually called Malliavin Calculus for jump processes)

one uses instead of X the jumps of the Lévy process. This has raised a number of theories

that can be applied to a variety of problems (some references are Bichteler,Gravereaux and

Jacod, Nualart-Nualart, Picard, Kunita, Ishikawa, Nualart, Bouleau-Denis). In each of these

theories one chooses the appropriate random variables X as either jump sizes or times of jump.

Then the definition of perturbation (derivative) has to be clearly defined. There are various

approaches which are briefly explained at an undergraduate level in [46].

Recently, Fournier-Printems, Bally, V. and Caramellino have exploited the idea of us-

ing approximations as an interpolation procedure in order to obtain theoretical properties of

densities of processes.

My intention in this chapter is to briefly explain what is the methodology used.

35
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The most naive way to think about how to get information about limits from approximation

is by sheer calculation strength.

For example, you may consider the Euler scheme for a diffusion. If we recall, (0.1), one

may say that the density of X̄tn can be computed using n-convolutions. The problem is how

to get information out of these n-convolutions. Let us fix a goal: Suppose that we want to

obtain upper bound estimates for the densities of the limit XT . Then, one would like to obtain

upper bounds for transition densities and then take limits as n → ∞. It is worth trying a

bit to understand the difficulties. Anyway, it is a methodology that has not given too many

results. Also we have to understand that we are operating under the belief that the increments

Btk+1
−Btk should be generating the regularity of the law.

Actually in the Lévy case the richness of the laws creates a large number of possibilities.

Exercise 19. Use the Box-Muller simulation method which is used to simulate standard

Normal r.v.’s Z in order to create two integration by parts of the form

E[f ′(Z)] = E[f(Z)H],

for an appropriate random variable H and a class of test functions f .

Off course this is just a simple exercise as you can just use the law of the Normal random

variable and obtain that H = Z.

Let U1 and U2 be independent samples chosen from the uniform distribution on the unit

interval (0, 1). Let

Z0 =R cos(Θ) =
√
−2 lnU1 cos(2πU2)

Z1 =R sin(Θ) =
√
−2 lnU1 sin(2πU2)

Then Z0 and Z1 are independent random variables with a standard normal distribution. Prove

that for bounded test functions with f(r) = 0(rα), α > 0 as r → 0 one can choose H =

(sin(Θ))−1(R−R−1). Here one should see that somehow R measures the length of the normal

r.v.

This simple exercise presents a problem. When doing analysis, should you based your

calculus on R or Θ? Or both?

In the history of the subject this was known as Partial Malliavin Calculus to indicate that

one did not use all the randomness in the problem to analyze the regularity of certain random

functional.
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For example, one may want to analyze the the functional F (X) = supt∈[0,T ]Xt which can

be approximated using functions Fn

Fn ≡ Fn(E1, ..., En, G1, ..., Gn, U1, ..., Un)
L⇒ F (X)

One may try to do the analysis based on (some part of) the i.i.d. sequence {Ei, Gi, Ui}i∈N if

densities are explicit. I am choosing these symbols in order to explain an example later. To

summarize.

Danger 1: The convergence rate is not good enough. R.N. Bhattacharaya and R. Ranga

Rao, Normal Approximation and Asymptotic Expansions. SIAM Classics, 2010. Clearly,

the simplest example is the random walk with Bernoulli r.v.’s. One can only obtain limited

information about the limit (which in this simple example is the explicit Gaussian law) from

the approximating sequence.

We will now consider another significant example: The supremum of a stable process. In

order to study this functional we will use the approximations given by convex majorants for

Lévy processes. This theory which started in the 50’s∼ has now been used for simulation

purposes together with the multi-level method in such a way that the method converges

exponentially fast.

This will be combined with Chambers-Mallows-Stuck decomposition method (recall that

explicit stable laws are not available)(’76, Kanter (’75)) which base the simulation on expo-

nential r.v.’s {Ei}i∈N. That is, the “length” of stable increments.

The method of analysis will perform integration by parts using the i.i.d. exponentially

distributed random variables {Ei} and condition on the other r.v.’s {Gi, Ui}i∈N.

E[f ′(Fn)Φn] = E[DEf(Fn)Φn] = E[f(Fn)H(Fn,Φn)].

Therefore using the above formula for f(x) = 1(x ≥ K) will give us information about

densities. But there is a danger here!

Danger 2: The used variables {Ei}i∈N may not explain the main density behavior of

F (X).Because one concentrates on F (X) one may loose track of other relevant path behavior

Danger 3: Need to analyze the explicit expression of H(Fn,Φn). In particular, one needs

to see the optimal bounds and exploding moments of stable random variables may create

problems.
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CU1

g1

Cg1

d1

Cd1

T

C

U2
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Cg2
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Cg3

d3

Cd3

T

Figure 1.1. Selecting the first three faces of the concave majorant: U1, U2, U3 are uniform with

length T , T − (d1 − g1) and T − (d1 − g1)− (d2 − g2), respectively. Cg1
−Cd1

has the stable distribution

with time g1 − d1 with an associated positive or negative sign.

1. Convex majorants

2. Mathematical Definition of the convex majorant

Exponentially converging stick-breaking process: ` = (`k)k≥1 on [0, T ], defined using Uk ∼

U [0, 1]

`1 =T (1− U1)

`k =TU1...Uk−1(1− Uk)

E[`
r/α
k ] =T r

(
1 +

r

α

)−k
.

i.i.d. stable r.v.’s (Sk)k≥1 with parameters (α, ρ) (i.e. Sk
d
=X1).

XT =X+ =

∞∑
k=1

`
1/α
k [Sk]

+

XT =X+ −X− = X+ −
∞∑
k=1

`
1/α
k [Sk]

−.

Remark: One looses some information about the path!

Chambers-Mallows-Stuck/Kanter Next step: Probabilistic representation:(Chambers-Mallows-

Stuck, α ∈ (0, 1) ∪ {1} ∪ (1, 2)). Ek: length. Gk: oscillations

Sk
L
= Ek

1−1/αGk and Gk = g(Vk), k ∈ N,

for i.i.d. Exp(1) ∼ (Ek)k≥1 ⊥ (Vk)k≥1 ∼ U(−π
2 ,

π
2 )

g(x) =
sin
(
α
(
x+ π

(
ρ− 1

2

)))
cos1/α(x) cos1−1/α

(
(1− α)x− απ

(
ρ− 1

2

)) , x ∈
(
− π

2
,
π

2

)
.
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Note that indeed P(Sk > 0) = ρ.

ρ = P(Sk > 0) ∈ [1− 1/α, 1/α] ∩ (0, 1).

semi-linear structure in the representation for (XT , X̄T ) ≡ (X+, X−)

XT =X+ =

∞∑
k=1

`
1/α
k E

1−1/α
k [Gk]

+

XT =X+ −X− = X+ −
∞∑
k=1

`
1/α
k E

1−1/α
k [Gk]

−.

coordinate change and n-th order approx. to X = (X+, X−): Xn = (X+,n, X−,n)

an := T 1/ακn with κ ∈ (0, 1). Let η+ and η− ∼ Exp(1)

X±,n =

n∑
k=1

`
1/α
k E

1−1/α
k [Gk]

± + anη
1−1/α
+ .

n = 0, X±,0 ≡ 0, [x]+ = max{x, 0},

0 6= X±,n −X±,n−1 = `
1/α
n E

1−1/α
n [Gn]± + (an − an−1)η

1−1/α
±

Intuitively, if the sequence {an} decays too fast, then it will not serve its purpose. In particular,

given the assumption below moments estimates will follow.

Assumption[A-κ] an := T 1/ακn, n ∈ N where κα ∈ [ρ ∨ (1− ρ), 1).

Differential calculus based on the random variables {Ek}k∈N gives the regularity of joint

laws of (XT , X̄T ). For explicit results, see [25].

Let O = {(x, y) ∈ R2 : y > x ∨ 0}, n,m ≥ 1, T > 0.

Theorem 2. Let F (x, y) := P(XT ≤ x,XT ≤ y) be the law of (XT , XT ). Then F ∈

C∞(O). Moreover, for any fixed α′ ∈ [0, α) there is C > 0 s.t. for all (x, y) ∈ O,

|∂nx∂my F (x, y)| ≤ Cy−m(y − x)1−n−m(2y − x)m−1

×min
{
f00
α′ (x, y), f01

α′ (x, y), f10
α′ (x, y), f11

α′ (x, y)
}
,

C min
{
T 2α

′
α (y − x)−n−α

′
y−m−α

′
, T

α′
α

(1−ρ)(y − x)−n−α
′
y−m+α′ρ,

T
α′
α
ρ(y − x)−n+α′(1−ρ)y−m−α

′
, T−

α′
α (y − x)−n+α′(1−ρ)y−m+α′ρ

}
.

4 Domains: Behavior at ∞. Behavior at 0. This result is optimal in time and almost optimal

in space taking α′ ≈ α. The main reason is that there is some Chebyshev’s type argument used.
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y
=
x

x
f
00
α

(x, y
) = T

−1 (y − x
)α

(1−ρ) y
αρ

f
01
α

(x, y
) = T

ρ (y − x
)α

(1−ρ) y
−α

f
10
α

(x, y
) = T

1−ρ (y − x
)−
α yα

ρ

f
11
α

(x, y
) = T

2 (y − x
)−
α y−

α

(0, 0)

y = T 1/α

y = x+ T 1/α

Figure 2.1. The set O = {(x, y) ∈ R2 : y > max{x, 0}} (shaded in the figure) is the

support of the joint density of (XT , XT ). According to our Theorem, the support can

be partitioned into 4 sub-regions according to which of the functions f ijα , i, j ∈ {0, 1},

is the smallest in the (optimal) case α′ = α. The dotted lines correspond to the change

in time regime.
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