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INVESTIGATING DIVISIBILITY HL TYPE I 

 

Background  

 

In order to satisfactorily complete this assignment, the following areas of the core curriculum should have 

been covered: 

  

 Factorization of polynomials 

 Mathematical induction 

 Pascal’s triangle 

 Binomial theorem and notation 
n

r
 

 

1. Factorize the expression ( ) xP n n n  for {2, 3, 4, 5}x .  Determine if the expression is always 

divisible by the corresponding x.  If divisible use mathematical induction to prove your results by 

showing whether ( 1) ( )P k P k  is always divisible by x.  Using appropriate technology, explore 

more cases, summarize your results and make a conjecture for when xn n  is divisible by x.  

 

2. Explain how to obtain the entries in Pascal’s Triangle, and using appropriate technology, generate 

the first 15 rows.  State the relationship between the expression ( 1) ( )P k P k  and Pascal’s 

Triangle.  Reconsider your conjecture and revise if necessary. 

 

 Write an expression for the x
th

 row of Pascal’s Triangle.  You will have noticed that 

,
x

k k
r

 .  Determine when k is a multiple of x. 

 

3. Make conclusions regarding the last result in part 2 and the form of proof by induction used in this 

assignment.  Refine your conjecture if necessary, and prove it. 

 

4. State the converse of your conjecture.  Describe how you would prove whether or not the converse 

holds. 
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INVESTIGATING RATIOS OF AREAS AND VOLUMES  HL TYPE I 

 

Background 

 

The following areas of the core curriculum should have been covered in order to successfully complete 

this assignment: 

 

  area under a curve 

  volumes of revolution 

  integration using the power rule 

  functions of the form , andny x n n  . 

 

Introduction 

 

In this portfolio assignment you will investigate the ratio of the areas formed when ny x  is graphed 

between two arbitrary parameters x a  and x b  such that a b . 

 

1. Given the function 
2y x , consider the region formed by this function from 0x  to 1x  and the 

x-axis.  Label this area B.  Label the region from 0y  to 1y and the y-axis area A. 

 

A

B

 
 

 

 Find the ratio of area A: area B. 

 

Calculate the ratio of the areas for other functions of the type ,ny x n   between 0x  and 

1x .  Make a conjecture and test your conjecture for other subsets of the real numbers.  

 

    (This task continues on the following page) 
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2. Does your conjecture hold only for areas between 0x  and 1x ?  Examine for 0x  and 2x , 

1x  and 2x , etc.  (See diagram) 

 

 

A

B

 
 

 

3. Is your conjecture true for the general case 
ny x  from x a  to x b  such that a b  and for the 

regions defined below?  If so prove it; if not explain why not. 

 

 Area A: , ,n n ny x y a y b  and the y-axis 

 Area B: , ,ny x x a x b  and the x-axis 

 

 

4. Are there general formulae for the ratios of the volumes of revolution generated by the regions A 

and B when they are each rotated about  

 

 (a) the x-axis?  

 

 (b) the y-axis?  

 

 State and prove your conjecture. 

 

 

A

B

b n

a n

a b  
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THE SEGMENTS OF A POLYGON  HL TYPE I  

 

 

To undertake this task, the student should use a geometry tool such as Geometer’s Sketchpad, Autograph, 

Cabri Jr or TI-Nspire. 

 

1. In an equilateral triangle ABC, a line segment is drawn from each vertex to a point on the opposite 

side so that the segment divides the side in the ratio 1:2, creating another equilateral triangle DEF 

(see below). 

 

 

A

E

D

F

B

C 
 

 

 (a) What is the ratio of the areas of the two equilateral triangles?  To answer this question,  

 

  (i) create the above diagram with your geometry package. 

 

  (ii) measure the lengths of the sides of the two equilateral triangles. 

 

  (iii) find the areas of the two equilateral triangles and the ratio between them. 

 

 (b) Repeat the procedure above for at least two other side ratios, 1:n. 

 

 (c) By analyzing the results above, conjecture a relationship between the ratios of the sides and 

the ratio of the areas of the triangles. 

 

 (d) Prove this conjecture analytically. 

 

2. Does this conjecture hold for non-equilateral triangles?  Explain. 

 

    (This task continues on the following page) 
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3. (a) Do a similar construction in a square where each side is divided into the ratio of 1:2.  

Compare the area of the inner square to the area of the original square. 

  

 (b) How do the areas compare if each side is divided in the ratio 1:n?  Record your observations, 

describe any patterns noted, and formulate a conjecture. 

 

 (c) Prove the conjecture. 

 

4. If segments were constructed in a similar manner in other regular polygons (e.g. pentagons, 

hexagons, etc.), would a similar relationship exist?  Investigate the relationship in another regular 

polygon. 
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PARABOLA INVESTIGATION HL TYPE I 

 

Description 

 

In this task, you will investigate the patterns in the intersections of parabolas and the lines y x  and 

2y x .  Then you will be asked to prove your conjectures and to broaden the scope of the investigation 

to include other lines and other types of polynomials. 

 

Method 

 

1. Consider the parabola 

 2 2( 3) 2 6 11y x x x  and the 

lines y x  and 2y x .  

 

 Using technology find the four 

intersections illustrated on the right.  

 

 Label the x-values of these intersections 

as they appear from left to right on the 

x-axis as 1 2 3 4,   ,  , andx x x x . 

 

 Find the values of 2 1x x  and 4 3x x  

and name them respectively andL RS S .  

 

 Finally, calculate 
L RD S S .  

 

2. Find values of D for other parabolas of the form 
2y ax bx c , 0a , with vertices in quadrant 1, 

intersected by the lines y x  and 2y x .  Consider various values of a, beginning with 1a .  

Make a conjecture about the value of D for these parabolas. 

 

3. Investigate your conjecture for any real value of a and any placement of the vertex.  Refine your 

conjecture as necessary, and prove it.  Maintain the labeling convention used in parts 1 and 2 by 

having the intersections of the first line to be 2x  and 3x  and the intersections with the second line to 

be 1x  and 4x . 

 

4. Does your conjecture hold if the intersecting lines are changed?  Modify your conjecture, if 

necessary, and prove it. 

 

5. Determine whether a similar conjecture can be made for cubic polynomials. 

 

6. Consider whether the conjecture might be modified to include higher order polynomials. 
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DESIGNING A FREIGHT ELEVATOR  HL TYPE II 

 

In this activity, you will first explore a possible model for the motion of a heavy-duty freight elevator 

used to raise and lower equipment and minerals in a mineshaft.  You will evaluate the model for its 

strengths and weaknesses and then create a set of specifications to develop a model of your own. 

 

Analyzing a possible model 

 

The formula 3 22.5 15y t t  represents the position of the elevator, y, measured in meters ( 0y  

represents ground level) and t represents time measured in minutes ( 0t  is the starting time).  We know 

that the trip up and down the shaft, ignoring time spent at the foot of the shaft, is approximately six 

minutes and that the depth of the shaft is no more than 100 metres. 

 

Use suitable computer software, or your calculator in parametric mode, to visualize the motion of the 

elevator in the shaft.  Create a table of values for the position of the elevator for 0, 1, 2, 3, 4, 5, 6t  

minutes. 

 

If using your calculator in parametric mode, you may want to view the motion along the line 1x .  

Changing the increment value of x may be helpful.  Continuing in parametric or changing to function 

mode, enter the displacement, velocity and acceleration functions. 

 

1. Use these functions to:  

 

 (a) interpret the original vertical line motion simulation, 

 

 (b) explain the meaning of the negative, positive and zero values of the velocity graph, 

 

 (c) explain the relationship between velocity and acceleration in the intervals when the elevator 

speeds up, slows down, and is at rest, 

 

 (d) evaluate the usefulness and identify the problems of the model in the given situation. 

 

Creating your own model 

 

2. List specifications for a redesign of the freight elevator model.  

 

3. Hence, create a model of your own.  You may use a single function or you may combine functions 

in a piecewise function.  In using piecewise functions, make sure that the joining points (except 

perhaps at the bottom of the shaft) are smoothly connected.  Interpret what this means 

mathematically. 

 

4. Explain how your model addresses the problems of the given model and satisfies the specifications 

of a well-functioning elevator for the mining company. 

Applying your model 

Explain how your model may be modified to be useful in other situations. 
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MODELLING THE HEIGHTS OF SAPLINGS HL TYPE II 

 

Description 

 

The following data come from a random sample of 1000 saplings collected 

from a representative 0.25 km
2
 area in a forest.  Your job is to find a way to 

use this random sample to develop a probability density function (pdf) to 

model the population of all such saplings in the area in which the sample 

was taken.  

 

Checking available models 

 

1. Find a graphical way to show the data. 

  

2. Add two other columns to the chart, entering the expected frequencies 

for the 1000 saplings for both a normal and Poisson distribution. 

Test each as a possible model for the data. 

  

3. Could either of these be developed as a probability density function 

for the data?  Explain. 

 

Creating your own model 

 

4. List the requirements for a probability density function.   

 

5. A useful method for finding a pdf for a given data set is to begin with a function that best describes 

the data’s associated cumulative relative frequency curve.  What traits must this function possess in 

order to be defined as a cumulative density function (cdf) for the pdf you are creating? 

 

6. Find a suitable function for this cdf, check it to see if it has the necessary traits, and refine it if 

necessary. 

 

7. What is the relationship between your cdf and the required pdf ?  Explain.  Find the pdf for this cdf 

and evaluate it.  If it does not satisfy all conditions, might it still be acceptable? 

 

8. Continue the search for a good cdf and pdf.  Explain why your final result is the best and indicate its 

limitations. 

 

Applying your model 

 

9. If you were asked to develop a pdf for a different forest region, comment on the applicability of the 

current model. 
 

 

Heights (m) Frequency 

0.00–0.25 61 

0.25–0.50 160 

0.50–0.75 209 

0.75–1.00 202 

1.00–1.25 158 

1.25–1.50 105 

1.50–1.75 58 

1.75–2.00 29 

2.00–2.25 12 

2.25–2.50 4 

2.50–2.75 1 

2.75–3.00 1 
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MODELLING PROBABILITIES IN GAMES OF TENNIS HL TYPE II 

 

Description 

 

The purpose of this task is to analyze the relationship between certain probability distributions and the 

process of match play in tennis.  We will construct a probability model first for two players of predictable 

abilities.  We will also investigate two models of resolving ties. 

 

Method 

 

Part 1: Club practice. 

 

1. Suppose two players have played against each other often enough to know that Adam wins about 

twice as many points as Ben does.  The two decide to play 10 points of practice at their club. 

 

 (a) What would be an appropriate model for the distribution of  X , the number of points won by 

Adam?  Do you have any concerns about its validity?  Are there limitations to its value? 

 

 (b) Suppose a point that Adam wins is designated as A and one that Ben wins as B.  Using the 

distribution you have chosen, calculate all possible values of the random variable  X , the 

number of points won by Adam, and draw a histogram from your chart.  Document any 

technology that you are using to help with the calculations and/or graphing. 

 

 (c) Find the expected value and standard deviation of this distribution.  In this context, what can 

you say about what usually happens in these 10-point practices? 

 

Part 2: Non-extended play games. 

 

2. When Adam and Ben play against each other in club events, their probabilities of winning points 

are approximately the same as above.  In club play, the tennis rules are generally followed (win 

with at least four points and by at least two points in each game), but to save court time, no game is 

allowed to go beyond 7 points.  This means that if deuce is called (each player has 3 points), the 

next point determines the winner.  Show that there are 70 possible ways that such a game might be 

played.  To assist with this let  Y  be the number of points played.  What values can  Y  take?  For 

each possible value of  Y  find the number of possible ways that such a game could be played, and 

show the probability model for such a game.  Be sure to define a random variable for the 

distribution. 

 

3. Using the model you developed in 2, what is the probability that Adam wins the game?  What are 

the odds that he wins? 

 

4. Generalise this to find the probability that Player C wins in terms of c and d, where c represents the 

probability that Player C wins a point and d represents the probability that Player D wins a point. 

 

    (This task continues on the following page) 
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Part 3: Extended play games. 

 

5. When Adam and Ben play against each other in tournaments outside the club, their point-winning 

probabilities remain the same (2/3 and 1/3, respectively), but the rules now require that players win 

by 2 points and therefore, that games may in theory be infinitely long.  

 

 Show that although Adam’s point odds against Ben are 2:1, his game odds are almost 6:1.  Be sure 

to consider separately the cases of non-deuce and deuce games.    

 

6. Suppose that, more generally, Player C’s probability of winning a point is c and Player D’s 

probability of winning a point is d.  Write formulas in terms of c and d for these probabilities: 

probability that Player C wins without deuce being called, probability that deuce is called, and 

probability that Player C wins given that deuce is called.  Using these formulas to aid calculation, 

find the odds that Player C wins for 0.5, 0.55, 0.6, 0.7, 0.9c  and any other values you would 

like to test.  A spreadsheet approach is encouraged.  

 

7. What expression represents the odds in such situations?  What happens when the winning 

probabilities are close together or when one player is almost certain to win each point? 

 

8. Evaluate the usefulness and limitations of such probability models. 

 

 

 

 

 



 – 16 – MATHL/PF/M09/N09/M10/N10 

For final assessment in 2009 and 2010 

MODELLING THE COURSE OF A VIRAL ILLNESS AND ITS TREATMENT HL TYPE II 

 

Description 

 

When viral particles of a certain virus enter the human body, they replicate rapidly.  In about four hours, 

the number of viral particles has doubled.  The immune system does not respond until there are about 

1 million viral particles in the body.  

 

The first response of the immune system is fever.  The rise in temperature lowers the rate at which the 

viral particles replicate to 160 % every four hours, but the immune system can only eliminate these 

particular viral particles at the rate of about 50 000 viral particles per hour.  Often people do not seek 

medical attention immediately as they think they have a common cold.  If the number of viral particles, 

however, reaches 10
12

, the person dies. 

 

Modelling infection 

 

1. Model the initial phase of the illness for a person infected with 10 000 viral particles to determine 

how long it will take for the body’s immune response to begin. 

 

2. Using a spreadsheet, or otherwise, develop a model for the next phase of the illness, when the 

immune response has begun but no medications have yet been administered.  Use the model to 

determine how long it will be before the patient dies if the infection is left untreated. 

 

Modelling recovery 
 

An antiviral medication can be administered as soon as a person seeks medical attention.  The medication 

does not affect the growth rate of the viruses but together with the immune response can eliminate 1.2 

million viral particles per hour.  

 

3. If the person is to make a full recovery, explain why effective medication must be administered 

before the number of viral particles reaches 9 to 10 million.  

 

The antiviral medication is difficult for the body to adapt to, so it must initially be carefully introduced to 

the body over a four-hour time period of continuous intravenous dosing.  This means the same amount of 

medication is entering the body at any given time during the first 4 hours.  At the same time, however, the 

kidneys eliminate about 2.5 % of this medication per hour.  The doctor has calculated that the patient 

needs at least 90 micrograms of medication to begin and maintain the rate of elimination of 1.2 million 

viral particles. 

 

4. Create a mathematical model for this four-hour period so that by the end of the four hour period the 

patient has 90 micrograms of medication in their body.  Find the solution to your model 

analytically, or estimate its solution with the help of technology.  

 

Once the level of medication has reached 90 micrograms the patient is taken off the intravenous phase 

and given injections every four hours.  The kidneys will still be working to eliminate the medication, so 

the doctor must calculate the additional dosage, D accordingly.  Dosage D should allow for maintenance 

of a minimum of 90 micrograms within the patient’s bloodstream throughout the treatment regimen. 

    (This task continues on the following page) 
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5. What dosage, D, administered every four hours from the end of the first continual intravenous 

phase, would allow for the patient to maintain at least 90 micrograms of the medication in his 

system?  Make sure you take into account the kidneys’ rate of elimination.  Explain carefully how 

you came to this number. 

 

6. Determine the last possible time from the onset of infection to start the regimen of medication.  

How long it will take to clear the viral particles from the patient’s system?  Show on a graph the 

entire treatment regimen from the time treatment begins until the viral particles are eliminated. 

 

Analyzing your models 

 

Analyze all your models discussing any assumptions you have made, the strengths and weaknesses of the 

models, and the reliability of your results. 

 

Applying your model 

 

7. Explain how your models could be modified for use if the patient were not an adult, but a young 

child. 

 

 

 

 




