How would a typical student factorize the expressions  n2-n or n3-n? Just n(n-1) and     

n(n-1)(n+1), which takes 2 or 3 steps. But this was too primitive for some of the magic elite called Mathematics HL. See what sophisticated tools they needed.

The first 'scientist' wrote:
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Before starting, we should define the domain of the variables » and x. For the expression to be
divisible by x, x and n should be positive integers (x e N and ne N ). Moreover, the outcome of

the division by x must also be a positive interger such that P(n) = Mx , where M e N . \/
We will start by factorizing the polynomial P(n) =n" —n for xe { 2,3,4,5 }
1) Factorising P(n) when x =2

Factorising P(n) gives:
P(n)=n*-n
=n(n-1)
From the factorisation, we can see that when x =2, the product will always be the result of an
even number multiplied by an odd number (since these are 2 consecutive numbers, and odd and

even numbers are simultaneaous) — thus meaning that the number will always be an even number.

Even numbers are always divisible by 2, so when x =2, the expression is indeed always divisible

by 2. Wwﬁ:/
2) Factorising P(n) when x =3

In this case, we may use division to factorise the expression P(n)=n’ —n. The simplest step to
¥ p P P

find a root of a polynomial is to use the GDC, however, it is not needed for this polynomial

because whenever n =1, no matter what value x represents, the answer will always result in 0.
Thus, there will always be arootat n=1. = {/ | {‘ L { '{\
e viep ~fgle 4
f‘L/a (4,} Gl

a





[image: image2.jpg]As we know the root, all we need to do now is : (n’ —n) = (n—1)
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However, (n + n”) may be further simplified by taking » to factor. So the final answer is :

(n*-n)=nm-1)n+1)
Here the product of the expression is the multiplication of 3 consecutive numbers (n — 1, n,n + 1),

so one of the numbers will always be a multiple of 3. This means that the product will always be

a multiple of 3, meaning that the expression is divisible by x when x =3. \/
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3) Factorising P(n) when x =4

We must calculate : (n* —n) = (n—1)

2 3
n+n +n
n—1g’ =n

2
=W 7]

n —n Thus: (n* —n)=(n-D)(n+n’> +n’)

Again the answer may be simplified further by taking » to factor which gives :

(n* =n)=nn-D#H"+n+1)

| Here, the expression is not divisible by 4. This is because we are multiplying 2 consecutives
" numbers with an odd number, which will always result in an even number.

We may check if the expression is divisible by 4 by analysing the 4 cases in which the expression
could possibly by divisible by 4.
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Here we must calculate : (n’ —n)+(n-1)
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[image: image4.jpg]The result may be simplified by dividing it with its root, which is at n =—1 :
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Then, we may take » to factor to obtain :
n -n= n(n—1)(n+ ) (n* +1)
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And the next one...

[image: image5.jpg]Introduction

In this Portfolio I am going to investigate divisibility of the expression P(n) = n* — n by the
corresponding X. For the purpose of this exercise | assume that n € Z, x € N, therefore the whole
expression is also integer number. According to mathematical rules I assume that

x is a divisor of the integer if it divides evenly without leaving a remainder:
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| Task 1

Factorize the expression P(n) =n" —n for x € {2,3,4,5} . Determine if the expression is always
divisible by the corresponding x. If divisible use mathematical induction to prove your result by
showing whether P (k + 1) — P (k) 1s always divisible by x. Using appropriate technology, explore

more cases and make a conjecture for when n* —n is divisible by x.

n—nforx=2343

I will start with factorization of the expression P(n)

X=2
R
P(n)=n"—-n

[ am using computer program GraphCalc to visualize the expression, to find the roots in order to
factorize it.

I
Graph1P(n)=n"-n
X axis represents (n)
Y axis represents P(n)
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[image: image6.jpg]From the graph i deduce that there are two single roots at n=0and n = 1
The degree of the expression is quadratic, therefore the roots must not be bigger than degree

equal to 2.
Hen
P(n)=n"-n=n(n-1)
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P(n)=n" —n

Again with Graphcalc

Graph 1 P(n) = n’—n
X axis represents (n)
Y axis represents P(n)
’ |
|

|
I|
From the graph I can deduce that there are three single rootsatn=-1,n=0,n= 1.

P(n):n‘;~n:n(n- )0 +1)

Hence,
For x =3
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P(n) = i

Again with Graphcalc
Graph 1 P(n) = il n

X axis represents (n)
Y axis represents P(n)

From the graph I deduce that there are two single roots atn =0, n = 1.

n(n-1)= n’—n
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P(n) = B
Again with Graphcalc

Graph 1 P(n) = 0t —n
X axis represents (n)
Y axis represents P(n)
|

From the graph I deduce that there are two single rootsatn=-1,n=0,n= 1.
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Finally, the last story.
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Initially, I will factorize the expression P(n)=n* —n for x e {2,3,4,5}.

nxelN

a). Forx = 2
P(n)=n*-n

First, we have to find the roots of the function.

fh ,/ 1) ) (/
nn-1)=0 ‘ /
n=0vn-1=0 A AUMTLe A [Any
e |
So, the roots of P(n) are n = 0 v n = /. & CUd z‘éi n(g

Now, according to the factor theorem we divide
(n* -n):(n—-1)=n
THl e
0
Hence, P(n) = n(n-1)

b). Forx =3
P(ny=m —w
First, we have to find the roots of the function.
n'-n=0
nn*-1)=0
n=0vn’-1=0
Bl
A=t

So, the roots of P(n) are n = -1 v n=0v n = 1.

Now, according to the factor theorem we divide
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Hence, P(n) = (n-1)(n* +n)
Now, we need to factorize Q(n) =n> +n
First, we have to find the roots of the function.

n+n=0
n(n+1)=0
n=0n+1l=0

n=-1
So, the roots of Q(n) are n =0 v n = -1.
Now, according to the factor theorem we divide

(n*+n):(n+)=n
gt s,
0

So, O(n) =n(n+1)
Thus, P(n)=n(n—1)(n+1)

¢). Forx =4
P(n)=n'-n

First, we have to find the roots of the function.

n*-n=0

nn’ -1)=0

n=0vn'-1=0
w=
n=1

So, the roots of P(n) are n=0v n = I.

Now, according to the factor theorem we divide

XXX-XXXX-XXX
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(n*-n):(n-D=n*+n*+n
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Hence, P(n) = (n-1)(n’ +n’ +n)
Now, we need to factorise Q(n)=n’ +n’ +n
First, we have to find the roots of the function.

Graph 1: Graph of Q(n)=n’ +n’* +n

-
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From the graph I can say that Q(n) has a triple root at n = 0.
Now, according to the factor theorem we divide

(”1 +nt n:n=n>+n+l

So, Q(n) =n(n* +n+1)

For n’ +n+1 A=-3<0

Therefore, we do not need to factorize any further.

Thus, P(n) =n(n—-1)(n> +n+1)

d), forxi=)

Bln)= n —n





[image: image12.jpg]First, we have to find the roots of the function.
n’-n=0
n(n* -1)=0
n=0vn'-1=0
nt =1
n==\
So, the roots of P(n) are n=-1 vn=0vn=1.

Now, according to the factor theorem we divide

(n’-n):(n-D=n*+n’+n*+n
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Hence, P(n)=(n—-1(n" +n’ +n* +n)
Now, we need to factorize Q(n) =n'* +n’ +n* +n
First, we have to find the roots of the function.

Graph 2: Graph of Q(n)=n' +n’ +n’ +n
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From the graph I can say that Q(n) has two roots, at » = 0 v n = -1. One of the roots is single
and the other triple, however, we are not able to state which is which.

Now, according to the factor theorem we divide

(n“ +n’ +n° +n):(n+l)= n' +n
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Hence, Q(n) = (n+1)(n’ +n)
Now, we need to factorize R(n)=n’ +n
First, we have to find the roots of the function.

Graph 3: Graph of R(n)=n" +n
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From the graph I can say that there is a triple root at n = 0.
Now, according to the factor theorem we divide
(n*+n):n=n+1

For n’ +1 A=-4<0

Therefore, we do not need to factorize any further.

Thus, P(n) =n(n-Dn+1)(n*+1)
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Conclusion – what made them solve it this way? Here are some possible reasons.

1. They got obsessed by technology and the Criterion F of Portfolio.

2. They are masochists.

3. ...

