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ABSTRACT. We study a time-inhomogeneous SDE in R? driven by a cylindrical Lévy
process with independent coordinates which may have different scaling properties. Such a
structure of the driving noise makes it strongly spatially inhomogeneous and complicates
the analysis of the model significantly. We prove that the weak solution to the SDE
is uniquely defined, is Markov, and has the strong Feller property. The heat kernel of
the process is presented as a combination of an explicit ‘principal part’ and a ‘residual
part’, subject to certain L™ (dz) ® L' (dy) and L (dx) ® L (dy)-estimates showing that
this part is negligible in a short time, in a sense. The main tool of the construction is
the analytic parametrix method, specially adapted to Lévy-type generators with strong
spatial inhomogeneities.

1. INTRODUCTION

In this paper we study an SDE of the form
dX; = /Vt(Xt_,z) N(dt,dz), Xo=uz¢€ RY, ¢>0, (1)

where N(dt,dz) is a Poisson random measure, which corresponds to a symmetric Lévy
process Z = (Zy,t > 0) in the usual sense that

dZ, :/zN(dt,dz).

Heuristically, the dynamics of the process X can be described as follows: whenever the
driving process has a jump with the altitude A;Z = z, the process X makes the jump with
the altitude Ay X = V;(X;_, z). Such a description can be made rigorous either if the total
intensity of jumps for Z is finite (and then the jumps can be processed one by one), or the
jump coefficient V;(z, z) satisfies a proper version of the Lipschitz condition w.r.t. x (and
then the solution to (1) can be obtained by the It6-Lévy stochastic calculus tools, e.g. [19,
Section IV.9]). In both these cases, X is a strong solution to (1), i.e. a process adapted to
the natural filtration generated by the Lévy noise. In the current paper, we deal with a
more sophisticated setting where the coefficient is assumed to be Holder continuous, only.
In this case, one can still expect to have X uniquely defined in law as a weak solution to
(1). The guideline here is provided by the classic diffusion theory [34], based on an analytic
study of the backward Kolmogorov equation for the (formal) generator, associated with
the SDE. Extension of this analytic theory to Lévy driven SDEs has been a subject of
intensive studies, see the literature overview in Section 2.4 below. Such an extension is
far from being straightforward; namely, because of high diversity of the possible structure
of the Lévy noise, numerous new effects appear, often requiring specific methods to be
treated. In the current paper we approach a quite challenging case, where the driving
process Z has the form

Z=(Z',... 2%, (2)
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with Z%,i =1,...,d being independent scalar Lévy processes which have the weak scaling
property (WSP), see (6) below. The jump coefficient will be assumed to have a natural
form

Vi(z,z) = Ay()z + Uz, 2) (3)

with the linear part A;(x)z being principal, in a sense, for small |z|. Clearly, when U = 0
equation (1) is equivalent to

dXt = At(Xt,) dZt, X() =T c Rd.

We stress that even the case of Ai(x) = A(z), Ug(x,2z) = 0 and all Z%i = 1,....d
having the same a-stable distribution is quite complicated; for instance, corresponding
transition probability densities may fail to be locally bounded. Such an effect appears if
the distributions of a jump for various starting points are mutually singular; for a detailed
discussion we refer to [22, Section 4], where such models are called essentially singular.
The essential singularity in the above setting is caused by a combination of two features:
the fact that the Lévy measure of the process (2) is supported by the collection of the
coordinate axes in R% and thus is singular w.r.t. the Lebesgue measure, and a non-trivial
rotation provided by the matrix A(z). In this paper we will make one more substantial
step further and allow the one-dimensional components of the noise to have different laws.
To outline the new difficulties which appear in this setting, let us consider for a while Z
with «y-stable components, i = 1,...,d. For small ¢, the law of Z; is mainly concentrated
around the axis with the number j = argmin, o;, which combined with a non-trivial
rotation makes the model quite difficult to analyze analytically.

The first steps in the study of essentially singular models have been made in [30], [28],
[22] and [3]. In [30], the components of the noise were the same and a-stable. The results
of [30] were significantly extended in [3]|, where time-inhomogeneous model with a drift
was studied. In [22] general stable-like models have been treated, where the stability index
and the spherical kernel (i.e. the distribution of the jump direction) are z-dependent. In
[28], instead of stable noise, a more general class of noises has been treated, satisfying
weak scaling condition; see definition in Section 2 below. In this paper we extend these
previous results in several directions. First, in the setting of [28], where the cylindrical
noise has the same laws of the coordinates, we remove several hidden limitations. Namely,

e instead of the linear-in-z coefficient V(z,z) = A(x)z, we consider the coefficients
of the form (3) with a principal linear part and residual non-linearity;

e time-inhomogeneous models are engaged into study;

e instead of the Lipschitz continuity of the matrix coefficient A(z), the Holder con-
tinuity is assumed.

Second, we make a further substantial step, treating a cylindrical noise which has different
laws of the coordinates. As we have explained before, such an extension leads to substantial
analytical difficulties; in addition, quite new effects may appear because of different scaling
for various coordinates. Namely, we will see in Example 2.7 that, in this setting, non-trivial
assumptions on the Hoélder indices of the coefficients should be made, in the striking
contrast to the case of same coordinates, or the stable-like case studied in [22].

To provide a comprehensive analysis of the new effects which appear due to strongly
inhomogeneous and singular Lévy noise, we restrict ourselves to models which do not
contain a drift term; i.e. without a gradient term in the generator. Adding a drift term can
lead to further complications because of possible lack of domination property in the case of
the lower scaling index a < 1. It is visible that these problems can be resolved by the ‘flow
corrector’ method introduced in [21], [32], see also a discussion in [22, Sections 6.1,6.2];
such an extension is a topic of our ongoing research.

We will prove existence and uniqueness of the weak solution to (1), which will be shown
to be a time-inhomogeneous Markov process. We will also provide a representation of the
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transition probability density of this process as a sum of explicitly given ‘principal part’,
and a ‘residual part’ subject to a set of estimates showing that this part is negligible in a
short time, in a sense. The ‘principal part’ will be given in the form
515 S<$7y) = ¥és—t((y - 'T)(At('r)_l)T)¢ 0<t<s, T,y € Rd? (4>
’ | det A¢(x)] -
where ét() is the distribution density of Z;. Clearly, as a function of y, this is the
distribution density of the variable

X0 =2+ A()(Zs — Z0), ()

which can be seen as a natural approximation to the value at the time instant s of the
solution to (1), which starts from the point x at the time instant ¢.

It is worth mentioning that recently the existence of densities for SDEs driven by sin-
gular Lévy processes have been studied in [12] (cf. also [8]).

The structure of the rest of the paper is the following. In Section 2 we introduce the
assumptions, formulate the main results, and provide a comprehensive discussion for them,
based on examples and an overview of related results, available in the literature. Sections
3 — 5 contain the proofs. The proofs are rather technical, hence in order to improve
readability we first explain the keystones of the proofs in Section 3. Numerous estimates
required in the main proof are deduced in Sections 4 — 5.

2. MAIN RESULTS

2.1. Assumptions. In this section, we collect all the assumptions we impose on our
model. Let us begin with the description of scalar Lévy processes involved, as the coordi-
nates, into the representation (2). Let the characteristic exponent v of a one-dimensional,

symmetric Lévy process be given by ¢(§) = [ (1 — cos({z))v(dx), where v is a symmetric,

infinite Lévy measure. The corresponding Pruitt function h(r) is given by

h(r) = /]R(l A (|22 ?))v(dz), > 0.

We will assume the following scaling conditions for the function h: for some 0 < o <
b<2and 0< () <1< (0% < o0,

CIANh(r) <h (W) <CoAPh(r), 0<r<1, 0<A<1. (6)

We claim that the above assumption is equivalent to the following weak scaling property
for 1): there are constants 0 < C} <1 < C3 < oo,

CIX (§) v (M) S TN (E), Jgl =1, A= L. (7)
The argument of the equivalence is postponed to Section 4.

Once the condition (6) (or equivalently (7)) is satisfied, we say that the characteristic
exponent ¢ (or the Lévy measure v) have the weak scaling property with indices «, 8, and
write ¢ € WSC(a, ) (resp. v € WSC(a, 5)).

By ;, v; and h; we denote corresponding characteristic exponents, Lévy measures and
Pruitt functions of coordinates Z? of the process Z = (Z1,..., Z%).

We will consider two cases:

(A) All characteristic exponents 1;,i = 1,...,d are equal and 1)1 € WSC(a, 3).

(B) Characteristic exponents v;,7 = 1,...,d are not the same and ¢; € WSC(«, 3),i =
1,...,d.
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In both of these cases, the process Z has the transition density Gy(x,y) = Gi(y — ),
where

d
w) = H@;(wz), w = (wi,...,wg) € RY,

and gi,i = 1,...,d are the distribution densities for the coordinates (all gi are the same
in the case (A)).
Next, we assume the following conditions on the coefficients.

(C) For any t > 0, x € R? Ay(x) = (ar,;j(z)) is a d x d matrix and there are constants
Cs,...,C6 >0, 71,72 € (0,1] such that for any s,t >0, z,y € R, i,j € {1,...,d},

|at,ij(2)] < Cs, (8)

| det(A¢(x))| > Cu, (9)

|at,i,j () — a5 (y)| < Cslz —y[™, (10)
|as,ij () — ar;,5(2)| < Cgls — ¢ (11)

The function ((0,00) x R? x RY) > (t,2,2) — Uy(z,2) € R? is continuous and there are
constants C7 > 0 and

v3 > max(1, 3) (12)
such that for any ¢t > 0, z, z € R?

U, 2)| < Crlz]™. (13)

In the case (A), the Holder indices 71,72 can be arbitrarily small. In the case (B),
these indices and the U-smallness index 3 should satisfy certain additional assumptions.
Namely, we assume the following

(D) 5 L 5
—<1l+4+m, — = 5 <72, — <73. (14)
« a f «

For abbreviation, for any u > 0 we will use the notation
k() = (u,hi(1),. o ha(1), A (1), hy (1), A (L w), o by (1 ).
2.2. Main statements. In this section, we formulate the main statements of the paper.

Theorem 2.1. Assume either (A),(C), or (B),(C),(D). Then for any x € R¢ the SDE
(1) has a unique weak solution X. The process X is a time-inhomogeneous Markov process
which has a transition density pt s(x,y). The transition density admits a representation

pt,s(xay) :§t78(x7y)+?t,s(l‘)y)7 xvyeRdv 0 §t< S, (15)
where py s(x,y) is given by (4) and the residual part 7, s(x,y) satisfies

[ Festeldy < cls =, xR,
R

where €q is defined in Remark 5.1 and the constant ¢ depends only on d, o, B, v1, Y2, 73,
Cr-...Cr, (1), ha(1).

Theorem 2.1 actually states that the distribution density for X, conditioned by X; =z
can be approximated by the density of the variable (5), with the error of approximation
given in the integral form. A natural question would be to obtain other types of the bounds
for the residue, e.g. uniform in x,y. It is known that, in the essentially singular setting,
the residue can be locally unbounded, see Example 2.5 below. Hence, in order to get a
uniform bound for the residue, one has to impose some new intrinsic assumptions. Here
we give one such assumption, formulated in the form inspired by the change of measure
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argument used in [30]. Alternative possibility would be to use a certain integral-in-x
condition, similar to (3.17) in [31] or (3.17) — (3.19) in [22].
Denote by p the Lévy measure of the process Z, and define
T f(x) = f(z + Vi(z, 2)).
Assume the following.

(I) For all t and p-a.a. z, TH* is a bounded linear operator in L;(R?), and there exists
(s < oo such that

1T |y, <Cs, t>0, z€suppp.

We have the following representation of the transition density.

Theorem 2.2. Let the conditions of Theorem 2.1 and additional assumption (I) hold.
Then the density ps(z,y) is bounded, that is

sup prs(z,y) <oo, 0<t<s<o0.
z,yeR4

Moreover, for any T > 0 there exists ¢ > 0, depending only on d, «, B, Y1, Y2, V3,
Ci,...,Cs, k(T) such that the residual term in the representation (15) satisfies

Frs(z, )] < G t(0)(s — 1), 0<s—t<7, =zyecR%

In particular, the following two-sided on-diagonal estimate for p; ¢(x,y) holds:
for0<s—t<rt, zeR?

1 e(s — £} Prs(T, ) 1
et Aoy TS E T ) S Tdet A

Define by {P; s} the evolutionary family corresponding to the process X in the usual
way: for any 0 < t < s, z € R? and a bounded Borel function f: R — R,

Pf(@) = [ )i dn

Under just the basic conditions of Theorem 2.1, we prove Holder continuity of this evolu-
tionary family.

Theorem 2.3. Assume either (A),(C), or (B),(C),(D). For any 0 < v < v < a,
y<1,0<s—t<T, 2,y €R? and a bounded Borel function f : R — R we have

|Prsf (@) = Posf ()] < el =y (s =) 77/%| flloes 0<t <5< o0,

(I4+c(s—1)). (16)

where ¢ depends only on v, +', d, a, B8, v1, ¥2, 73, C1,...,Cr, k(7).

2.3. Examples. Let us give several examples illustrating various specific issues of the
model. Our first example shows that the distributions of the components of the Lévy noise
Z can be quite singular. Note that a simplest example of a Lévy measure v € WSC(«, 3)
is a symmetric a-stable Lévy measure

dx
V(dm) = CW’ (17)
for which
4c
hir) = ——r™ ¢
(r) a2 — a)r

and thus (6) holds true with § = « and ] = Cy = 1. The weak scaling property has the
same spirit with the (true) scaling property of the a-stable Lévy measure, but is much
more flexible.
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Ezample 2.4. (Discretized a-stable measure) Let u(dz) be obtained from the symmetric
a-stable measure (17) by discretization in the following way:
o~ v({y : prr <yl < pi})
pldz) =3 = (6-pu (d) + 85, (d2)),
k=1

where pg N\, 0 is a given sequence. Assume that {p;} decays not faster than geometrically;
that is, for some ¢ > 0

Pk+1 2> Cpi, k> 1.
Then it is easy to show that the Pruitt function for p satisfies

Bir—® < h(r) < Bar™®, 1€ (0,1], (18)

for the reader’s convenience we prove this inequality in Appendix A below. This inequality
yields immediately that the discretized measure p belongs to the same class WSC(a, «)
with the original a-stable measure.

The following two examples illustrate the difference between the integral-in-y estimate
for the residual term r;4(x,y) from Theorem 2.1 and the uniform estimate for this term
from Theorem 2.2. First, we note that, under just the basic assumptions of Theorem 1,
the transition probability density may be locally unbounded.

Ezample 2.5. (See [30, Remark 4.23], [22, Example 4.2]). Let d > 1, all the coordinates
Z'i = 1,...,d have the same a-stable distribution, and V;(z,2) = A(x)z, where the
matrices A(z) are Holder continuous in x, for each z € R? the matrix A(x) is a rotation
(hence, an isometry) and for any x in some open cone with vertex at 0, which satisfies
lz| > 1 we have A(z)e; = x/|z|. Then for a +1 < d, for any x € R? the transition
probability density p;(z,y) is unbounded at any neighbourhood of the point y = 0.

In the above example, an ‘accumulation of mass’ effect appears due to singularity of
the noise combined with a non-trivial rotation provided by the matrix A(z). The next
example shows a typical situation where the additional condition (I) holds true, and thus
the ‘accumulation of mass’ effect does not appear.

Ezample 2.6. Let the function Vi(x,z) be Lipschitz continuous in x with the Lipshitz
constant satisfying

Llp (‘/t(az)> < P t > 07 S Rd?
where p < 1. Then the mapping Iga + V;(-, 2) has an inverse and

1
Lip ([fge + Vi, 2)] ) S 5=, ¢20, zeR
—p
Moreover [Iga 4 Vi(-,z)]"" has a gradient, which is defined a.e. with respect to the
Lebesgue measure and bounded, see [7]. In addition, the following change of variables

formula holds [18]:

flx+Vi(z,2))de = f(v)det(Vy[Iga + Vi(v,2)] ™) do.
R4 R4

This yields (TI) with

Cg = supesssup |det(V,[Iga + Vi(v,2)] 71| < dil
t,z v (1 — p)d
Our last example explains why in the case (B), i.e. for a cylindrical noise which has
different scaling indices of the coordinates, non-trivial assumptions on the Hélder indices
of the coefficients should be made, on the contrary to the case (A), where the Holder
indices can be arbitrarily small.
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Example 2.7. Let Z',i = 1,...,d be symmetric a;-stable with different o;,7 = 1,...,d.
The process Z = (Z',...,Z%) fits to our case (B) with o = min; a;, 8 = max; o;. In
this example, we show that in such — extremely spatially non-homogeneous — setting the
additional assumption (D) is crucial in the sense that, without this condition, the structure
of the transition density can be quite different.

Take d = 2 and a1 = o < ay = . Take also Vi(x, z) = Az, where

1
w=(e )

is a matrix-valued function which depends on ¢, only. Then the additional assumption (I)
holds true since each operator 7% is just an isometry which corresponds to the shift of
the variable x — x 4+ A;z (we can also refer to Example 2.6 here). Denote, as usual, f < g
if the ratio 5 is bounded and separated from 0. Then, by Theorem 2.2, one has

_1
Prs(T,2) < Gs—(0) < (s —1t) @
provided that 1 — % < 7, which is actually the second inequality in (14) (the first and

«
1

the third one hold true automatically). For é 5> the situation changes drastically;

=

namely, we have

2
-2
— =0, s—=0+. (19)
s « B

S

po,s(x, ) < Cs™ 7% and
We prove this relation in Appendix A; here we give an informal explanation of the effect.
The original noise has two components, a ‘weaker’ one and a ‘stronger’ one, which act along
the 1st and the 2nd coordinate vectors ey, es, respectively. The law of the solution to SDE
(1) with = 0,¢ = 0 is a convolution of the laws of the solutions X1, X2 to SDE (1),
where instead of Z we substitute these two components of the noise separately. Consider
the projections of these laws on the direction e, the one where the ‘weaker’ noise acts.

It is easy to show that the projection of the law of X 51) on e; has a distribution density

p((fs’l)(O, -) with p((f;l)((), 0) < s~a. On the other hand, any jump of the noise at the time ¢,
having the altitude z and the direction ez, produces a jump of the 1st coordinate with the

altitude t7z. Then it is not difficult to prove (and it is easy to believe) that the projection

of the law of X!? on e; has a distribution density pé?;l)((), -) with p(()?;l)((),()) = §7F,

1 )

Since —v 7> —é, this means that the projection of the law of X §1 in the direction e is

‘more concentrated’ around 0 than the same projection for the law of X 3(2)- The direction
e is the ‘worst possible’ here in the sense that Age; is equal to the first basis vector e; and
is orthogonal to the second one e;. One can actually show that the same ‘concentration
comparison’ hold true for the projections on arbitrary direction 1. This means that, in
the convolution of the laws X (), X2 the first component is negligible when compared to
the second one. It should be noted that, in this example, the one-dimensional noise Z2e
generates a two-dimensional distribution density, which is actually a hypoellipticity-type
effect. This density appears to be principal for the entire solution, which indicates that,
without a condition of the type (D), analysis of the SDE with different components of the
cylindrical noise should involve a study of hypoellipticity features. A systematic study of
that type does not seem realistic for SDEs with low regularity of the coefficients, thus we
restrict ourselves to the case where the condition (D) holds and thus hypoellipticity-type
effects do not come into play.

2.4. Literature overview. Our main tool in the construction of the heat kernel p; s(x,y)
of the solution to SDE (90) is the parametriz method, properly adapted to the sophisticated
model we have. The parametrix method was first proposed by Levi [33], Hadamard [17] and
Gevrey [13] for differential operators and later extended by Feller [11] to a simple non-local
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setting. The first version of the parametrix method for non-local operators was developed
by Kochubei [24], see also the monograph by Eidelman, Ivasyshen & Kochubei [9]. This
method required the Lévy measure of the noise to be comparable with the rotationally
invariant a-stable Lévy measure, and o > 1, i.e. the non-local part of the generator should
dominate — in the order sense — the gradient part. These results have been extended in
numerous directions e.g. by Kolokoltsov [25], where the limitation o > 1 was removed for
the operators without a gradient part; see also Chen & Zhang [5]. The parametrix method
for the stable-like case, where the stability index is x-dependent, have been developed first
by Kolokoltsov [25]; in the papers of Kiithn [27, 26] this problem was treated for a wider
class of Lévy kernels assuming a kind of sector condition for the symbol of the opera-
tors. In Knopova & Kulik [21, 32] the parametrix method was extended to super-critical
case, where the (non-trivial) gradient part is not dominated by an a-stable noise with
a < 1. In all these results the Lévy noise, principally, was comparable with the rotation-
ally invariant a-stable one. Lévy-type models with other types of the reference measures
have been studied as well; see Bogdan, Knopova & Sztonyk [2], Kulczycki & Ryznar [29],
where a-stable reference measures with various types of spherical measure (i.e. the dis-
tribution of the jumps directions) have been treated, and Grzywny & Szczypkowksi [15],
where the reference measure is rotationally invariant and satisfies weak scaling condition.
The symmetry assumption, typically imposed on the Lévy noise in order to simplify the
technicalities, is not substantial; see the recent publications by Chen, Hu, Xie & Zhang
6, 4], Grzywny & Szczypkowksi [15], Kulik [31] for the parametrix method for various
non-symmetric Lévy-type models.

Essentially singular models, where the distributions of a jump for various starting points
are mutually singular, lack a fixed reference measure, to the striking contrast with the
results listed above. This leads to a considerably new technical difficulties; essentially
singular models also exhibit new effects such as the one discussed in Example 2.5. For the
first advances in the study of such models see Kulczycki, Ryznar & Sztonyk [30, 28] and
Knopova, Kulik & Schilling [22], which we have already mentioned and discussed in the
Introduction.

3. RoAD MAP TO THE PROOFS

3.1. The parametrix method. We will construct the transition density p; s(z, y) for the
unknown process using a proper modification of the parametriz method, which is a classical
analytical method for construction of fundamental solutions to elliptic and parabolic PDEs
of second order; for a detailed overview of the history and the ideas the method is based
on, we refer to [20] or [22]. Here we outline briefly the construction, taking into account
the fact that the actual model is non-homogeneous in time.

Consider a (time-dependent) operator L; with the domain C2 (R%), given by

Lef@) =PNV. | (f@+Vil@,2) = f(2))u(dz)

d "
= kz_l /R <f(x +udi(x)ey + Uz, epu)) — f(x)

—ulp < V() - At(:r)ek)uk(du),

where p is the Lévy measure of the process Z, vy, is the Lévy measure of the k-th component
ZF k=1,...,d, and P.V. means that the first integral is taken in the principal value sense.
By the virtue of the It6 formula, one can naturally expect that, once the solution X to (1) is
well defined and is a (time-inhomogeneous) Markov process, the operator L; should be its
generator. Corresponding Kolmogorov’s backward differential equation for the transition



probability density of X has the form
(at + Lt;z)pt,s(:l:a y) = 07 0 S t < S, z,y € Rda (20)

here and below x at the operator L;., indicates that the operator L; is applied with respect
to the variable x. Together with the initial condition

pt,s(iLHy) — 5:E<y)7 s — t7 (21)

this actually gives that p; s(z,y) is a fundamental solution to the parabolic Cauchy problem
for the operator L;. The streamline of the method is to construct a (candidate for)
the required fundamental solution, and then to show that this kernel p; ¢(z,y) indeed
corresponds to the unique weak solution to (1).

To construct a candidate for the fundamental solution, we use the parametriz method,
(0)

t,s

which, in a wide generality, can be outlined as follows. Fix a function p; | (z,y), which is

C'in t and C2 (R%) in = for a fixed s,y, and define

0\ (2,y) = =0 + L )p\) (z,1).

Then differential equation (20) can be written as

(% + Lia) (pes (,9) — 02 (2,9)) = ¢\ (x, ).

Since we expect p; s(z,y) to be a (true) fundamental solution, we can formally resolve the
above equation as

prs(@,y) = i (2. y) +/ /dpt,r(w,v)Q$?s (v,y)dvdr, 0<t<s, xzyeR? (22)
t R

The identity (22) can be seen as an integral equation for the unknown kernel p; ¢(z,y),
which is easier to deal with than the original differential equation (20). This is the essence
of the method: we first construct a candidate for the transition probability density p; s(z, y)
as the solution to the integral equation (22) and then study its properties in order to show
that this kernel indeed corresponds to the unique weak solution to (1).

3.2. Choice of the zero-order approximation. One of the crucial points in the strat-
(0)

egy outlined above is the choice of the kernel p; ; (,y), which has a natural meaning of

the ‘zero-order approximation’ term for the unknown p;s(x,y). This choice determines
(0)

1.5 (7,y), and should be precise enough to guar-

the ‘differential error of approximation’ ¢

antee integrability of qg)s)(x, y); note that we require this integrability in order to treat the

(0)

t,s

integral equation (22) properly. We will choose p; ; (x,y) in the form

1

(0) _ _
A @) = g G (W= DA T, (23)

where G, (w) is the distribution density of a dynamically truncated Lévy noise; see Section
5 for its definition and properties. The density Gs_; is also dependent on £ > 0, however
we do not reflect this in our notation. Such a choice combines two ideas. The first one is
the classical parametrix idea that a good ‘zero-order approximation’ to the fundamental
solution can be obtained by taking the heat kernel for an equation with constant coefficients
(e.g. the Gaussian kernel in the diffusion setting) and substituting there the coefficients
frozen at the endpoint y,s. This classical construction also suggests that negligible (in
a sense) parts should be removed from the generator: in the diffusion setting this is the
drift (gradient) term, in our case this is the non-linear jump term U;(x, z). Though, such
classical parametrix construction appears to be not precise enough in the singular Lévy
noise setting. Namely, such a construction would suggest, instead of (23), the choice

S0 v L & -
P = ray O (0 - A ™),
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recall that Gy(+) is the distribution density of Z;. However, in general, 1355?5) (z,y) may
provide quite a poor approximation to p;s(z,y): e.g. in the model from Example 2.7 it
can be verified easily that

/ B (2, y) dy = oo,
Rd

in the striking contrast to the fact that p; s(z, -) should be a probability density. This is an
essentially non-local effect; in order to avoid it we use the second idea to ‘cut off’ big jumps.
In [30], [28] the cut off level was chosen small but fixed, which required Lipschitz continuity
of the coefficients. In [22], a time dependent cut off level was proposed, which allows one
to treat the models where the coefficients are only assumed to be Holder continuous. Here
we use the same dynamic truncation idea, properlAy adapAted to tbe current model. Namely,
G, (w) in (23) will be the distribution density of Z, = (Z}, ..., Z%), where the components

are independent and
T
Zﬁ:/ / ~uN*(dp,du),
0 Jlul<Rf

where N*(dp, du) is the Poisson point measure corresponding to Z¢, and the time-dependent
truncation function RS) = Rg) (¢) is determined by means of the corresponding Pruitt
function h;(r) and € > 0 of our choice. Note that in the case (A) the cut off level is the
same for all coordinates, while in the case (B) these levels can be quite different. This
is the actual reason for the condition (D) to appear in the case (B): we will need this

condition in order to balance, in a sense, the ‘cut off effects’ for various coordinates.

3.3. Functional analytical framework. It is convenient to treat (22) within the func-
tional analytic framework introduced in [22, Section 5.2], properly adapted to the time
non-homogeneous setting. Consider the Banach space L>(dx) ® L'(dy) of kernels k(x,y)
satisfying

[l = esssup [ k(e )] dy < o
z€Rd JR4
Each kernel k& € L*®(dz) ® L'(dy) generates a bounded linear operator K in the space
By, = By(R?) of bounded measurable functions,
Ki@) = [ kanf@)ds feBR.

with the operator norm || K|| g, 5, equal to the norm ||k||o 1. Denote P g, Pt(g), Qg)s), 0<
t < s the families of operators corresponding to the unknown transition probability den-
sity pts(z,y) and the kernels pg?s) (z,y), qt(g) (z,y) introduced above. Then (22) can be
equivalently written as

Pom 0+ [ P o< i< 2
t

Let 0 < ¢ < gg, with g9 defined in Remark 5.1. In the whole subsection ¢ denotes a
constant dependent on d, «, 5, 71, 72, 3, C1,...,Cs, k(1) and €. In Lemma 5.10 below
(0)

we prove an estimate for g;
bound for the operator norm

1O B, m, < (s — )7, 0<s—t<m. (25)

(x,y) in || - ||oo,;-norm which actually can be written as a

This allows us to treat (24), in a standard way, as a Volterra equation with a mild (in-
tegrable) singularity. Recall that each kernel p; s(z,y) is supposed to be a probability
density, hence it is necessary that

1Pl By—B, < 0. (26)
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The unique solution to (24) which satisfies (26) can be interpreted as a classical Neumann
series

o0

0 0

Pt(,s) + Z / e / Pt(,r)l er,rg ang),s drl cee drk

=1y eri<crp<s (27)

O, [° p0)

=20+ [ PO an
t
where the operator

Q0+ / /Qt QW dry .. dry (28)

k= 1t<7"1< <L<rp<s

corresponds to the kernel

at,s(,y) thsfvy g (@, y) // 0 (2, 0)¢\% (v, ) dvdr, k> 0. (29)

The series (28), (29) converge uniformly in 0 < s —¢ < 7 in the operator norm | - ||, B,
and the norm || - |00 1, respectively. This follows easily from (25), since for k > 1
k
H%E,s) ||00,1 = / / Qt ,re T‘k s d”'l di
Bb_>Bb

t<r1<--<rp<s

// 19 ... QO |15, 5, dr1 ... dry

t<r1<--<rp<s (30)

// (7‘1—t)_1+6-...-(s—rk)_Hedrl... dry,

t<r1<--<rp<s

_ e (D (€)F
= (s —t)1** ma

IA

IA

and the Gamma function I'(z) behaves asymptotically like M2 > F as 2 — oo
This estimate yields

lgtslloor <c(s—t) 1, 0<s—t<T (31)
(0)

In Lemma 5.8 below we prove that p; ;(z,y) is bounded in || - ||s,1-norm, which similarly

to (30) yields that the residue r¢ s(z,y) = prs(z,y) — pg S) (x,y) satisfies

|7t slloo1 <c(s—1), 0<s—t<T. (32)
These representations and estimates form an essential part of the proof of Theorem 2.1.
3.4. Approximate fundamental solution and weak uniqueness of the solution.

Let Co(R?) denote a space of continuous functions vanishing at inﬁnity Define P;; =

Ptso) id, the identity operator. The operator families {Pt } {Qt s} have the following
properties, see Lemmas 5.8, 5.10, 5.13, 5.15 and 5.16.

Lemma 3.1. FEach of the operators Pt(s),O <t<s QE(?,O <t < s maps Coo(RY) to
Coo(RY). The corresponding families of operators are strongly continuous w.r.t. t,s.

Note that the operator norm || - ||, —c., is dominated by the norm | - |g,—p,, thus
the norm estimates from the previous section yield that the series (27) converges in the
norm || - ||¢..—c,, uniformly in 0 < s —¢ < 7, and the series (28) converges uniformly for
1 <s—t <, forany 0 < 71 < 7. Moreover, a standard argument based on the strong
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continuity of Qg?,t < s and the estimate (25) shows that for every n > 1 the operators
;"S) (defined by kernels q(n) (z,y)) are strongly continuous w.r.t. t < s. This yields

t,s
Corollary 3.2. Each of the operators P, ,0 <t < 5,Q¢s,0 <t < s maps Coo(RY) to

Coo(RY). Corresponding families of operators are strongly continuous w.r.t. t,s.

In general, it might be quite difficult to prove that the kernel p; s(z,y), constructed as
a solution to the integral equation (22), solves the differential equation (20). We avoid
this complicated step, using the following approximate procedure. Define for n > 0

S
0 0
Prsm = Pt(,s)+77 + /t Pt(vr)-anr-&-WS-I—n dr, 0<t<s.

The following lemma shows that p; s(x,y) solves the backward Kolmogorov equation (20)
in a certain approximate sense.

Lemma 3.3. Let 7 > 0 and a compact subset F C Coo(RY) be fized.

a)
| P sif — Prsfll =0, n—0

uniformly in 0 <s<t<rt,feF,
b) For any f € Co(RY) and n > 0, the function Pz, f(z) is Ct in t and CZ(RY) in
x on [0,s] x RY, and thus the operators

At,s,n = (at + Lt)Pt,s,m s < t, n > 0

are well defined. These operators satisfy

1At snfll =0, 1n—=0 (33)
uniformly in s —t>m1,0<s<7, fe€F foranym >0 and
T
| 18uatlldr 0. n-so (34)
t

uniformly in 0 <t <71, feF.

The proof of this statement is remarkably simple, and requires only representation (24)
and the continuity properties stated in Lemma 3.1 and Corollary 3.2. Thus we give it
here.

Proof. Statement a) follows directly from the representation (24) and the continuity prop-
erties (Lemma 3.1 and Corollary 3.2).
To prove (33), note that

Avsnf = (0 + L)P f + / (@ + L) PO, Qrinsanf dr — PryinQeintint
t

0 NG
= Qg,s)+nf "’/ Qi,r)+nQr+n,S+nf dr — Pt 1nQin,stnf
t

t+n
0
= Qts+nf — Q‘EJ’) Qrstnf dr — PpiynQiyn,s+n
t

in the last identity we have used that Q) is given by (28) and thus satisfies
Que=QY + / QVQ, . dr.
t

By the continuity properties Lemma 3.1 a),
HQt,s—&-nf - Pt,t—i—th-i—n,s-f—an -0, n—0
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uniformly in s — ¢ > 7, f € F. Convergence

follows by the bounds (25), (31). The same bounds combined with (33) yield (34). O

t+n
Q" Qo inf dr
t

-0, n—=0

Lemma 3.3 provides an efficient tool for identifying weak solutions to the SDE (1). Note
that it is easy to prove existence of a weak solution to (1) by smooth approximation of the
coefficients and using the compactness argument; see [21, Section 5] for such an argument
explained in details. To identify a weak solution to (1) with given initial condition, we
will consider operator £ defined by

Lo(t,x) = 04p(t, ) + Lizo(t,x), €D

on the set D = CL2([0,7] x R?) of functions ¢(t,z) which are C* in ¢, C? in z, and have
their derivatives continuous and being from the class Cx (R?) for any ¢ fixed; 7 > 0 here
is a fixed number. The It6 formula yields that, for a weak solution X to SDE (1) with
Xo =z and ¢ € D, the process

6(s, Xs) — /0 CCo(r, X)) dr, s € [0,7]

is a martingale. We can use, with minor changes, the argument from [31, Section 5.3] to
derive from this finite-dimensional distributions of X. Namely, let f € Cs(R%),7 > 0 be
fixed. Taking ¢(t,z) = P, f(x), we get for any t <s <1

95]

E[Prrnf(X)

5] = Peraf (X0 =8 | [0 )P X

-
= [E/ A¢rnf(Xy)dr CFS} .
S
Then by Lemma 3.3, passing to the limit n — 0, we get
B[P f(X,)| 5] = Pirf(X) =0, s €[0,7]

or, equivalently,
E [f(XT) EFS} = PS,Tf(XS)

for any f € Cx(R?) and any pair of time moments 7 > s > 0. Since

Pf(@) = | 1@l

this yields the identity
P(Xs, € Ay,..., X5, € A) = // D0,5, (T, V1) - .. Dsy_y.50 (Vk—1, k) dvy . .. dvg,
A1><~~><Ak

valid for any k£ > 1,t < 81 < --- < s; and Borel measurable Aq,..., Ax. This identifies
uniquely the finite-dimensional distributions of X and proves that X is a (time non-
homogeneous) Markov process with the transition density p; s(x,y).
3.5. Outline of the rest of the proofs. Recall that our choice of pg?s)(:p, y) and qt(g)(:z, Y)
was dependent on € € (0,£¢]. In this subsection we choose ¢ = ¢y.

To complete the proof of Theorem 2.1, we have to prove the bound on the residual term
7t,s(x,y) in the decomposition (15). To do this, we use the decomposition

Pes(@,y) = Dy (2, ) + res(z, y)
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and the bound (32) for the residual term 7 4(x,y), obtained by the parametrix method.
Then
(0)

Tes(2,Y) = Drg (0,9) = Prs(2,4) + 1e5(2, ),
and the required bound follows from the estimate
0 ~
75 (2 9) = Prs(,9) e < els =), 0<s—t<7, (33)
which we prove in Lemma 5.18 below. Next, combining (32) and (35) we obtain

17e,5(2, Yoo < e(s =), 0<s—t <, (36)

Here the constant c is a constant dependent on d, «, 3, 71, Y2, 73, C1, - .., Cs, £(T), but for
7 < 79, where 19 is defined at the beginning of Section 5, the constant depends on d, «, (3,
Y1, ¥2, 13, C1y ..., Cs, hi(1),...,hq(1). In fact (36) holds for all 0 <t < s with a constant
dependent on d, o, 3, v1, V2, 73, C1,...,Cs, h1(1),...,hq(1). Indeed, if s —t > 79 then

~ _ 2
7 (2 Y)lloot = lIpts(2,y) = Drs(@,y)llocs < 2 < —(s = 1)
0

The functional analytic framework from Section 3.3 is quite convenient also for proving
the uniform estimates for the residual term, stated in Theorem 2.2, see a detailed discus-
sion in [22, Section 5.2]. Namely, the uniform-in-z,y bound for a (continuous) kernel is
equivalent to the || - ||, p, operator norm for the corresponding integral operator. In
addition to the bound (25), we have

1S |1y 5, < eGse(0)(s — t)~1Fe0

(Lemma 5.10, estimate (89)). Under the additional assumption (I), we also have

0 _
Q2,2 < s — ) 1Fe0

(Lemma 5.11). Then for any k € N, =0,...,kand ro <71 < ...7rgs1

||Q90,7‘1 tet 2k,rk+1 ||L1*>Bb S HQ?(),Tl HBb‘)Bb te Hng_l,?‘j HBb‘)Bb

X |’Q9j;Tj+1 ||L1‘>Bb ||Q2j+1,7‘]'+2 ”L1‘>L1 tt "Q?k,Tk+1 HL1‘>L1
k

< Ck+1G7’j+1*7‘j (0) H(Ti+1 - Ti)_H_EO'
i=0
If we take ro = t,741 = t, and j such that rj,1 —r; = max;(rj41 —7;), then Gy, (0) <
G s—t)k-1(0), since G,(0) is nonincreasing as a function of u > 0. By Corollary 5.3, we
have

Gspyp-1(0) < ck¥*G,_4(0), keN.
Also, by Lemma, 4.8,
Gs1(0) < cGy_4(0), 0 < s —t <.
Then, similarly to (30), (31) we get

|Qusllzimsm, < cGamt(0)(s = )7, 0<s—t<T. (37)
We have that ||Pt(g)|| B,—B, 1 bounded and, in addition, by (23)
1Pl e < €Cae(0).
Then using the parametrix representation (27) and repeating the argument above we get

1Prs — Py r, < eGag(0)(s — 1), 0<s—t<T.
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This is actually a uniform-in-z, y bound for the residual term r; 4(x, y) in the decomposition
obtained by the parametrix method. To complete the proof of Theorem 2.2, we prove the
corresponding analogue of (37), see (116):
> 0
1Prs — P|l1yr < eGag(0)(s — 1), 0<s—t<T.

The proof of Theorem 2.3 (postponed to Section 5) stating the Holder continuity for the
evolutionary family {P; s}, is based on the parametrix representation (24) for this family

and the Holder continuity of the family {Pt(g)} involved in this representation.

4. ONE-DIMENSIONAL DENSITY

This section is devoted to the study of one-dimensional components of the process
Z = (Z1,...,Z4). Recall that the characteristic exponent of Z; is ;. In this section we fix
i €{1,...,d} and ¢ denotes the fixed ¢;. By v, h and g we denote the corresponding Lévy
measure, the Pruitt function and the transition density, respectively. We will construct
a truncated version g of the transition density §. We will show various estimates of g, ¢
and its derivatives. These construction and estimates will play a crucial role to make the
parametrix construction in Section 5 work.

For r > 0 we put
K(r) :/ \az|2r72u(dx).
{z€eR: |z|<r}

We have the following relationship between K (r) and h(r) [16, Lemma 2.2],

hr) = 2 / " K(w)yw dw, >0, (38)

We observe that, due to infinitness of the Lévy measure K(w) > 0,w > 0, hence h(r)
is strictly decreasing on (0, c0).

Clearly, r?h(r), 72K (r) are increasing on (0, 00). Using the monotonicity of the function
72h(r) we can easily extend (6) to all 6§ > 0,

CIA R (0) (1V )L <h (M) < CoAPh(0) (1V6?), 0< A<, (39)
Let us observe that the scaling property (6) is equivalent to
CY/n ()N <t (M) < CO PRt (0) AP 6> h(1), A > 1. (40)
Morever this can be extended to all 8 > 0 (via (39)),

CHR (@)A1 v R (0)2) P < () < CY PR (0) A YB (v hY0)2), A > 1.

(41)
The following important result was essentially proved in [16, Lemma 2.3]. For the reader
convenience we provide its proof.

Lemma 4.1. Let ¢ = (C%)Z/a —1. For 0 <r <ry we have
h(r) < c(1Vrd)K(r). (42)
Moreover, for || > & > 0,

1

mh(lﬂfb <€) <2n(1/[¢)). (43)

Proof. Let r <1 and Ay = (%)Ua < 1. Then, by (6), we have
2h(r) < h(Xor).
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Next, by (38) and monotonicity of w?K (w) we obtain

h(r) < h(Xor) — h(r) = 2/

AoT

T s

w? K (w)w 3dw < 27“2K(7“)/ w3dw

AoT

Hence

h\2 2/a
h(r) < 1 )\%)\OK(’F) — <<C2'1) — 1) K(r),r <1.

If ro > 1, then for 1 < 7 < 7g then, by monotonicity of w?K (w) and w?h(w), we have

r2K(r)
K(1) -

2/a
hr) <13 ;;((11))1((7«) < ((gl) - 1) 2K (1),

The proof of (42) is completed.
Next, by the inequality 1 — cosz > 2%/4 for |z| < 1, we obtain

(1/HKEA/E]) <9(§) = /R(l — cos(§x))dv(x) < 2h(1/¢]).

rzh(r) < r%h(ro)

Hence,

Applying (42) we have

bE) > ——

> Wh(l/\él), €] > &o,

which completes the proof. ]

Now, we can give the arguments that (6) is equivalent to (7). If (6) holds, then (43)

with & = 1 implies (7) with Cj = §L, C5 = 8cC,, where ¢ = (2/C1)%/* — 1.

On the other hand (7) implies the same scaling conditions for the maximal function
P*(§) = supjg < ¥*(§). Then (6) holds, since due to [14, Lemma 4] we have ¢*(§) =

h(1/1¢]), € € R.

Lemma 4.2. Let 7 > 0. For 0 < u < 7 we have
aut® < h7(1/u) < cpu'/?, (44)
where ¢; = Cll/a(h(l) A %)1/0‘ and cg = 021/ﬁ (Rt (E)vi)h (1)1/5.
Proof. Taking 6 = 1 we can rewrite (6) as
c/n Ve )TV < < PP RNV o< A< 1.

Putting A = h=(s), for s > (1), we have (C1h (1))/s™/% < h=1(s) < (Coh (1))V/Ps1/5,
If 0 < sp < s < k(1) we have 5(1)/048—1/,1 <h7(s) < h_l(so)h(l)l/ﬁ s~1/8. Choosing
% = u < 7 we show that

1/a
ol (i A h(1)> /e <p7l1/t) < ¢/ rt (i A h(1>> h(1)VP 1P,

Now we state an easy corollary to (40) and Lemma 4.2.
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Corollary 4.3. Let0<e <1l and 0 < u <7 <oo. We have
hfl(usfl)
h=1(u=1)

where ¢ = c(h(1),h=Y(1/7),h"1(1),7,,€,C1).

If o =(h(1) Vv 1)7ﬁ, then for u < 1y,

< cu~e/?, (45)

hfl(uafl) 71/0[ o
i) <G (46)
Moreover, for 0 < A <1,
h=1(1/u “1ar—1/ass -1, —
(1/u) < co7Yea ez v )2, (47)

h=1(1/ ()
Proof. Let u < 19 = (h(1) V1)~/(1=¢) We apply (40) with A\ = = and 6 = u~'** to get
hfl(usfl) _ hfl(usfl)
h—l(u—l) h—l(u—aue—l)
If 7o < u < 7 then by monotonicity of h~1,
A ) <R rA/r) vATH1) and A (uh) > A (g Y.

Moreover, by Lemma 4.2, we obtain

< Cl_l/au_a/o‘.

It follows that for 7o < u < 7,

—1¢,e—1 -1 1 -1 1
h _1(u — ) < hl ( /T) Vh g/) T[)l/aTa/au—a/a'
h=H =) = al/* (L ah(1))V®

0

Now we start to construct a truncated version g of the transtion density §. Fix ¢ €
(0, 0], where g9 < 1 is defined in Remark 5.1. Let for u > 0

R,=Ry(e)=h7"! < ! >

ulfe

and
wl€) = [ (1= cosoe)wan).
‘U‘SRU
We have
Yu(€) 2 ¥(€) — 20 (48)
To prove (48) we note that
/ (1 — cos(v€))v(dv) < 2/ v(dv) < 2h(Ry) = 2u® !,
[v]>Ru [v]>Ru

hence

wl©=0€) ~ [ (1= cos(ue)lde) = () - 20
[v|>Ru
Let 0 < u < oo and w € R. Put
R

T or

Since, by (48) and then by (7), [o" ¢r(2) dr > uth(z) — (2/e)u® > c|z| for |z| large enough,
the function g, is well defined density function such that g, € C*°(R).
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For 0 < u < oo and a measurable set D C R put

vu(D) = /0 ’ /x|<Rr 1 (2)v(da) dr.

It is clear that v, is the Lévy measure of the infinitely divisible density g,,.

For any v > 0 put
My = / 22 vy (da).
R

Lemma 4.4. For any 7 > 0 there is a constant ¢ = c(a, C1,h=1(1/7),h=1(1)) such that
for u < 71 we have
cR2uf < my, < R2u°.
The upper bound holds for any u > 0.
Ifu<ty= h(l)_i, then for u < 1y
My > cR2uf

with ¢ = ¢(C1, a).

Proof. The upper bound is clear:
My = / 22, (dz) < u/ 2?v(dr) < uR2h(R,) = R*u®,
R |z|<Ry

The lower bound follows from the scaling property. By (47),

Ru 21—8 1/ . 1 2
mes(a) (v (7))

By Lemma 4.1, we have for r < R,

h(r) 2\ (1))
i< (a) (v (=)
Observing that h~1 (=) < h~1(1) V h~1(1/7)) and taking

rl-¢

-2/
c = <l) (1vh1(1) v h=1(1/7))"2 we have ch(r) < K(r) for r < R,. Moreover

Cy
cRy < Ry 3 for u < 7. Then using monotonicity of i we have

my = // x2u(d:v)dr:/ R2K(R,)dr
0 Jiz|<R, 0

2

c
2

v

u c 62
c/u R%h(R,)dr > 5uRi/2h(1~zu) > —uR*h(R,) = ER%LUE.

/2
g

Lemma 4.5. Lety > 3. For any T > 0 there is a constant ¢ = ¢(Ca, 3,v,h~1(1/7), h1(1))
such that for uw < T we have

/ |z Tv(dx) < cRIW(R,) = cRJu™'"e.
|z|<Ru

Moreover for u < 1y = h(l)fﬁ the above constant ¢ = ¢(Ca, B3,7).
If v = 2 the above inequality holds for any u > 0 and with ¢ = 1.

Proof. Let L(r) = v([r,00)),r > 0. By integration by parts

/ 2Vv(dz) < limsupr?L(r) + ’y/ 2 () dx.
0<z<Ry, 0<z<Ry

r—0t
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Next, by (6),
limsup 7 L(r) < limsupr”h(r) =0,
r—0+t r—0t
which implies

/ 2Vv(dr) < ’y/ 2L (z)dx < 'y/ 277 h(z)dx.
0<z<Ry, 0<z<Ry, 0<z<Ry

It follows from (6) that, if R, < 1, then
h(z) = h(Ry(z/Ry)) < Co(z/Ry) " Ph(Ry), = < R.,.
If 1 < R, < R,, since r2h(r) is an increasing function and by (6), we have
h(z) < h(z/Ry) < Ca(z/Ry)"Ph(R,)R?, = < R,.
The last two estimates yield

/ 27 h(z)dr < CQ(Riw)Rﬁh(Ru)/ Py = @(Rﬁm)imh(m).
0<z<Ry Y= /B

< 0<z<Ry
This together with the estimate

_ 1 _ _
RT =h 1 <7’15> S h 1(1/7’) vV h 1(1)
end the proof for arbitrary v > 5. Moreover, for 7 = 79, we have R, = 1 which shows
that the constant ¢ = CQ,Y_LB.

The assertion of the lemma for v = 2 is a consequence of the definition of the function
h. O

Lemma 4.6. Let v > 0 and 7 > 0. There are constants c; = c1(o, h=4(1/7),7,7,¢,C1)
and ca = c2(7y) such that for any 0 < u <7,

2 1/17« dT €1
W < / |z[7e” Jo' dz < I fu) (49)

If T = 1/h(1) then the constant ¢y = c1(h(1),e,a,~y,Ch).
Proof. By (48),
[ wnterir = wii) - 2o
Next, ’
/ e Jo vr(@dr g < (/2" / e g
R R

Moreover, by Lemma 4.1,

/ |z]7e (@) dz < 2 +/ |z|Temeuh (/12D g
|z|>1

where ¢ = m By the same arguments as in the proof of [1, Lemma 16] we get
2 )2/

Ye—uch(l2) g, « S < 1/n(1
[ et s < S <1 /h(),

where ¢, = c.(7,a, C1). Since h=1(1/u) < 1 for u < 1/h(1), it follows that

YW@y, < C <1/
[P s < e w < (),

where ¢* = ¢, + 2. If 1/h(1) < u < 7, then from the above estimate and monotonicity of

h~! we obtain o
2

/ ‘Z|’y€ u't/)(z dz < (1/7—) )
(1/U)7+1



20 T. KULCZYCKI, A. KULIK, AND M. RYZNAR

Finally we conclude that

/ 2[e @z < (b1 (1/7) v 1)7+1h1(1}W

for u < 7. The proof of the upper bound is completed.
To get the lower bound we observe that

/0“ Yr(2)dr < up(z) < 2uh(1/|z]).

. _ 1 .
Hence, denoting a = =Ty We arrive at

/ \Z|Ve*f51'wr(z)drdz 2/ |z[Ve w2/ gz > e / |2[Ydz = 2e2 ! ——a"t
R —a v+

which ends the proof of the lower bound. O

Corollary 4.7. ForO<u <7
co C1
— < )< ———
e i =90 S sy
where c1,co are constants from (49) corresponding to v = 0.
The function (0,00) x R 3 (u,x) = gu(z) is continuous.

Proof. Since

2
we get, by Lemma 4.6, the lower and upper estimate of g,,(0). The continuity follows from

1
o) = - [ e v

the continuity of the map (0,00) x R 3 (u,x) — e™®?e =o' ¥r(@)dr the upper estimate in
(49) and the bounded convergence theorem. O

Lemma 4.8. For any u > 0 we have
S

U [9(2) = Gu(®)] < 2-9u(0), (51)

/ 9u(r) — ) o < 2% (52)
and .
3u(0) < 9u(0) < Gu(0)e = . (53)

Proof. The proof is similar to the proof of Proposition C.9 in [22]. Let u € (0,7] and
x € R be arbitrary. For any z € R we have

:/Ouzpr(z) dr+/0u/|1)|>Rr(1—cos(vz))u(dv) dr.

It follows that
1

gu(JI) = % €mzeiuw(z) dz
_ i ezxz =[5 r(2) dr fouf‘var(l—cos(vz)) v(dv) dr d
2m

_ / gu(;v Py, (54)
R

where Pf2l(dz) is the exponential (for the convolution) of the measure At je.

[ee]
prail(4) — o~ AiR(R) Z y (Ataﬂ) (4), A€ BR), (55)
k=0



21

where A#il(A) = [v({v e A: |v] > R,})dr. We have

u uE

tail = ul/ v s o r r=—,.
At <1R>—/0 ({veR: o] > R} d s/o W(R,)d (56)

€
It follows that

)

‘1 - efAZail(IR)‘ < u? (57)
Moreover, by (54) and (55), we get

19u(2) — gu(2)] < gulz) ‘1 B efAzail(IR)’

_ Atail > 1 ai xk
Uy /R Soule—2) (A9 (a2) (58)
k=1 ’

Using this, (56) and (57) we get (51). Integrating (58) and using (56), (57) we get (52).
Applying (54) with z = 0 we obtain gu(O)e_Aftall(R) < Gu(0) < g4(0), which combined
with (56) proves (53). O

Let for u > 0, £, w € R
vy (&, w) = —&w + / (cosh(év) — 1) vy (dv).
R
Lemma 4.9. Fizu >0, w € R. Let & € R be such that

vulEo, ) = jof v (€,w).

Then,

S0l < ol
My,

Proof. We have

/R(cosh(fz) —Dwy(dz) > ;/Rﬁgzz vy (dz) = %§2mu

Hence v, (£, w) > —&w + €2my /2. Since vy (&0, w) < v, (0,w) = 0 we have —|&||w| +
€2m,, /2 < 0, which gives (59). O

Lemma 4.10. Let 7 > 0. Forany 0 <u <7, w € R, k € Ny we have

e < () 0 o
and
;ﬂ%w>s%aﬂgbmﬁiwﬂ%@. (61)

The constant ¢, depends on Cq, o, e,7,h=1(1/7),h=Y(1) and k. If
1
T =19 = (h(1) V1)"T==, then the constant cj depends on k,C1,a,e,h(1).

Proof. The proof of (60) follows immediately from Lemma 4.6 and Corollary 4.7.
Let

Qu(&, w) :wa—/o (&) dr, u>0, & w e R.

We have .
au(w) = 5 [ e ag
R

o
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For any k € INy we get

d* L [ kk Quiew)
dwkgu(w):%/lee wlSWde

Recall that §y = arg mingv,(§,w). We proceed in a similar way as in [23] where a
bound on the transition density was derived. Note that functions v, and Q,(-,w) can
be extended analytically to C. Applying the Cauchy-Poincare theorem (justification is
exactly the same as in the proof of Theorem 6 of [23]) we claim that

k
‘ d ‘_ 1 /(§+Z~§O)keQu(£+igo,w)d5‘_
R

qoF W) = 5

Observe that
Re Qu(€ + i€, ) < va(Go,w / e
Hence
d* F gou(0.w)— 3 e (&) dr
o) < [l keSO

< ok pvu(80,w) /]R(mk + |§0|k)e—fdu¢r(§)de£

Now, we will show that for any w € R we have

em, |w|

’Uu(f(),'U)) S 2R2 _4R (62)
e o Jwl
< — €
= 2" TUR, (63)
If |w| < 2%:“, then
em, |w|
JR2 1R, = 0 = vy(0,w) > vy (&, w),

which proves (62) in this case.

If |w| > 2%’:“, to prove (62), we use the arguments as in [35, proof of Lemma 4.2], so
we omit the details.

Next, observe that (63) follows from Lemma 4.4.

We also have, by (49),

/ glfem e < o

(1/ Yht1
By Lemma 4.9,
ke Ji wr(©)dr ge < kic
Hence
dk Ch Roh—(1/u) jw\ " _ wl
=g < 1 =1 iRy
et “”)’ < e () ¢
-1 w
R, h™(1/u) e_ﬁ.

< Ck 1+
= (1 u)RH .y

Next, we observe that, by Lemma 4.4 and since h~1(1/u) < (hii(l/ﬂ v 1) R, we obtain

R
RAN(1fu) _ h1fu) _ e

My - utR, T uf

which implies
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dk Ck _ vl
Wgu(w) = ukshfl(l/u)k+1e St

Finally, we note that all the constants in the case 7 = 79 = (h(1) vV 1)7i are dependent
only on k,Cq,a,e,h(1). It follows from the appropriate parts of Lemma 4.4 and Lemma
4.6. ]

Let for 0 < u < oo and f € C?(R)

K,f(w)=P.V. e (f(w+2)— f(w)v(dz), we R.

For f € L'(R) and ¢ € R denote f(£) = Jre " f(z)dx. If f € C*(R) N L'(R) is such
that lim supj, ., || "9 f" ()| < oo for some § > 0 we observe that K, f € L'(R) and

K. f(€) = —¢u(6)f(£), € €R. (64)

Next, by (61), the above requirements are satisfied for f = g,.
We have g, (§) = e~ Jo' ¥r@©dr 56 for any 0 < u < 0o and £ € R

L 5u€) +6ul©)3u(6) = 0.

By (64), it follows that for any 0 < u < co and w € R we have

a —

%gu(w) - Kugu(w) =0. (65)

Next we claim that

a 1 iwzﬁ ~
sogulw) = 5 [ € S d

This follows from the estimate

|%9A“(Z)| = Yu(2)Ju(z) < 6(2/6)usw(z)€_uw(z)a
which is implied by (48). Next we use (65) to get
3. Ju = o s uu = Kugu ’
Seon(w) = 5o [ ¢ Rgu(2)dz = Kugulw) (66)

where we have equality almost surely. By continuity we have it everywhere.

5. PARAMETRIX CONSTRUCTION

This highly technical section contains detailed proofs of a number of facts and esti-
mates needed to provide the construction of the fundamental solution p¢ s(z,y), which

was explained earlier in Section 3. The construction demands many auxiliary results, in
(0)

t,s

particular key estimates of the zero-order approximation term p; . (z,y) and the kernel

(0)

Qs (z,y) contained in Lemma 5.8 and Lemma 5.10, respectively.

In this section we adopt the convention that constants denoted by ¢ (or ¢1,ca,...) may
change their value from one use to the next. Unless is explicitly stated otherwise, we
understand that constants denoted by ¢ (or ¢1,co,...) depend only on d, «a, 3, V1, V2, V3,
C1,...,C7. We also understand that they may depend on on the choice of the constant &.
We write ¢ = ¢(a,b,...) when ¢ depends on the above constants and additionally on a, b,
.... For a square matrix A we denote by |A] its standard operator norm. The standard
inner product for z,y € R? we denote by zy.
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Remark 5.1. Our choice of pg S) (z,y) and the kernel qt(g) (z,y) will depend on the given value

of ¢ > 0. In order to have requlred bounds involving these objects, we have to impose a
restriction on €. Namely throughout the rest of the paper we assume that € < g¢, with g
defined below.

In the case (A) we set

min{ Mo Yo 71/(B(L+ 7)) 73— 1 }
2(d+3)8"2(d+3) 2+ 2/a+n/(B1+m)) -1+ B0+ (d+1)/a) |’
while in the case (B) we pick
c©0 - min { (1+m)/B—1/a 2= (1/a—1/B) 1/8—1/((1+ 7))
2(d+3)/a 7 2(d+3)/a '2+2/a+1/8-1/((1+m)a)’
73— Bla }
3+ B(1+d/a) )
Due to our assumptions ¢ is positive.

€0

For i € {1,...,d}, u> 0 put

R = R (¢) :h;1< 1_ >

ula

(3,

Let gq(f) = gy ®) be the truncated density corresponding to v; according to the truncation
procedure described in Section 4.
For any u > 0, z € R? define

Gu(w) = g4 (21)gl? (x2) -+ g (wa)-
Let h,L.(r) = max; hj_l( ) and let A} (r) = min; hj_l(r). Let M, be a diagonal
d - dimensional square matrix with the diagonal 8(R£Ll), . ..R(d)). The multiplier 8 is
only for the notational convenience. Note that |M,| = 8 max; ) = 8hpe (u17€) and

Ml— 5 max =11
| ‘ azR() 8h1(u 1+E)

We recall that for u > 0 we defined
k(u) = (u,ha(1), ... ha(1),h7 (1), .o g (1), hy N (L w), o by (1),
Observe that for every 7 > 0
lu(s_l)/ﬁ < \Mu_1| < cu(a_l)/o‘, O<u<m, (67)
c

and )
w9/ <M < VB 0 <u< T, (68)
c

where ¢ depends also on 7 trough the vector x(7), that is in our notation ¢ = ¢(k(7)).
This follows from Lemma 4.2. Throughout the whole section we set

o =iy (it V1))

Then the constant ¢ in (67) and (68) depends on the vector h = (hi(1),...,hq(1)), if
7 < 79, in our convention we write ¢ = ¢(h). Again, this follows from Lemma 4.2.
The following lemma follows easily from Corollary 4.7 and Lemma 4.10.

Lemma 5.2. Fiz 7 > 0. For any u € (0,7], z € R? we have

71H l/u CH l/u
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0 1 -1
< —& —‘Z‘Mu |
'&Ci Gu(z)| < CGU(O)ihifl(l/u)u e ,
o2 1 —1
Gu(2)] < ¢Gy(0 —2e o= leMu]
Dida, (B < <Gl )h;1(1/u)h;1(1/u>“ ‘

where the constant ¢ depends additionally on T, that is ¢ = c(k(7)). If 7 < 79, then

c=c(h).

Proof. The first estimate follows directly from Corollary 4.7.
All the remaining estimates follow directly from Lemma 4.10 and the observation

N I 1
Z Jz') =z Z J(i) = |zM, .
O
By (47) and the above lemma we obtain the following corollary.
Corollary 5.3. Fiz 7 > 0. For any u € (0, 7]
Gur(0) < ™G, (0), A<,
where ¢ = c¢(k(7)). If T < 70, then ¢ = c(h).
For 0 <t < s and z,w,y € R? put
1
v = ——Gs_ At . 69
pt,s(w> ]detAS(m)] s t<w( s (.’E)) ) ( )
and
d
L@ = Y PN [ (fuecAT() - f@) mldw).
k=1 |u|<R§—)t
By (66), for any 0 <t < s and w,y € R?, we have
0
<6t + LZ5> pgs(w) =0.
We choose our zero-order approximation pgl,) in parametrix construction as
P (@.y) = .z — ). (70)

(0)

1.5 (defined in Section 3.1) we need to show some

Before we come to crucial estimates of ¢
. w
auxiliary results on py’s.

Let
_ Al (z) — Al'(y
|Al = max | sup |A](z)], sup |A;'(2)], sup |47 () 7fi( )|7
t>0,0€R4 t>0,0€R4 t>0,z,ycR4 x4y “T - y‘
oy AT GTe) ) - (T
t>0,z,yeR4 x4y |(lZ - yhl s>t>0,0€R4, (S — t)VQ

It is clear that ||A|| > 1. Note that ||A]| may be bounded from above by a constant
which depends only on d, Cs,...,Cgs. Using standard calculations and the conditions (8,
9, 10, 11) we have
d—1 d—1
3 3

C
d+ (Cs + Cg)—2—d=.
4 Cy

From Lemma 5.2, Lemma 4.2 and (69) we easily get the following corollary.

[|Al] < (C3+4 Cs5 + Cg)d +
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Corollary 5.4. Let 7 > 0. Then there is a constant ¢ = c¢(k(7)) such that for0 < s—t <t
and y, w € R4

Y, (w)| < eGyoy(0)e AT DM (71)

)] < €Gmy(0)e AT, (72)

\Vpi’,s(w)\ < | ML|(s — )_5(1"‘1/04)Gsit(O)e_‘w(As_l(y))TM;Jt‘7 (73)
V20! (w)] < el M P (s — )=S0 G_y(0)e A )M (74)
V20 >\<c\ 2(s — 1)@/ G, (0)e TAT T (75)

If 7 < 79, then ¢ = c(h).

Proof. We provide the proof only for (74) and (75) since the other estimates can be shown
in a similar fashion. Applying Lemma 5.2 and (69) we obtain

1
(Pt (s = 1)71))2

‘VQP%,s(w” S CGs—t(O) (3 — t)72567‘w( s (y))TMs t‘

Next, by (45),
1 h 1 t e—1
— = m_m(( ) _1) < C(S - t)—s/oc’
| t‘h‘mm((s - t) ) Shmzn((s - t) )
which completes the proof of (74)

Since |w(A; (y)T ML > HAH “\lj:l  the estimate (74) yields (75). O

The following lemma is a simple consequence of the change of variable formula, hence
its proof is omitted.

Lemma 5.5. Let p > 0,2 € R0 <t < s < co. There is a constant ¢ = c(p) such that
/d |z — y|p6—l(r—y)(AZl(x))TM§ft\dy < | My_y|Pdet(M,_y).
R

Lemma 5.6. Let z,y € R, 0<t < s and § > 0. Let
&=y — o+ OueeA (2) + (1 - O)uer AT (y)) + AUi(w, exu), ul < R,
where 0 < 0, A < 1.

§
If |z — y|Hm < = nd 0 < s—t <7, then

|M 2
(AT ()T My = (y — 2)(AL (@) T M| < e (76)

s

The contant ¢ = (8, k(7). If T < 79, then c = c(d, h).

Proof. We denote z = y — z, U = Uy(z,epu), R*®) = ng_)t and M = M, ;. Tt is clear
that it is enough to consider the case when 8 = 1 or § = 0. We provide the argument if
§ = 1 since the case § = 0 is similar, if not easier. Let £ = z + ue, Al (). Noting that
uep M1 = (u/R™)ey, we obtain

E(AT () M = (AT (@) MY

= (AT ()" = (AT (@)U + uer AT () — AT ())(AT ()" M
tuer M+ U (AT (y)) 1M

< AN M+ ATl M 4 Jul /R + Ol Al M ]
< DAl (1= A+ RO M 41+ Co M (RM) )
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In the case (A) ( when hy = --- = hy) we have R®)|M~1| = 1/8, hence, by (68),

2| M YA RE) |2 M +14+C7 [ MY (R < (s—1) 4|2 +14+Cr | M~ < ¢,

with ¢ = ¢(6, k(7).
In the case (B), by (67) and (68),

1
_ O\
RO |71 < efs —)7/7 (;M )1|) M

=c(s t)1 )/B+o5 vH M 1|”/1+1

| /\

o(s — )17VPHTR (5 _ pTre = e(s — ),

where §y = 5712 +(1- )(é

(71+1) ) > 0. Moreover, again by (67) and (68),

M (RO < s — )12,
This implies that
|2 M+ RV |7 M L s | M (R
<e(s—t) +els —t)% 41+ ¢(s — )(1 —)(F ) <e¢,
with ¢ = ¢(6, k(7)). Hence, in both cases, the proof of (76) is completed. O
For any € R%,5 > 0 let

D(6,x) = {w eR?: |z —w|'™ < (| _t)f}

Lemma 5.7. Fiz 7> 0 and § > 0. For anyx € R%, y € D(6,2), 0 < s —t < 7 we have

(Gt (& = 9)(AT ) 7) = Gamt (& = 9)(AT (@) 7))

< (s — ) =G (0)elEv(AL Ha)) "M (77)
and
/ (5.2) |Gt (& = ) (AT (W) 7") = Goe (@ = y)(AL (@) 1) | dy < e(s — )0 7D/,
| (78)

The contant ¢ = c(8, k(7). If T < 79, then c = c(d, h).
Proof. We have

Gsot (2 =9) (AT W) ) = Got ((z —y)(AT(2))7)
+ VGst(€) [(z — y) (AT ()" = (Ad @)™,
where € = 0(z —y) (AL (z)) "1+ (1 -0)(x —y) (AL (y)) ™1, 0 < 6 < 1. Next, we observe that
(& =) (AT W)™ = (@ —y) (AL (@) < [JAlllz =y < (s~ t)a\lAHW- (79)
Hence,

€My — (2 = y) (AT ()T M| < (s = 0 (M IAIM 2 = (s = )14l
This implies, by Lemma 5.2, that

1 _
VG (&) < ¢ (5 — )Gy (0)e @A @M

N (1/ (5 = 1))
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which together with (79) yield

[VGs—t(€) [(& = y) (AT (1)) — (A7 (2)) D]

< e(s — )P — 1 (5 — )G,y (0)e—IE—DAT @M

’ t| hmzn(1/<3_t>)
Sc(s—t)‘;(s—t)_ A+ G, (0)eIF—v)As Ha)) " t\

since, by Corollary 4.3,
! R N ()
M b (U (s = 1)) g (s = )71)
The proof of (77) is completed.
Applying (77) and Lemma 5.5 we get

/ oy |Gt (@ = AT ™) = Gt (@ = 9)(AT ) )  dy

< cdet(M,_)Gy_(0)(s — )0 7575/,
Next, by Lemma 5.2 and Corollary 4.3,

<c(s—t)~

b (s =07 e/
det(Ms—4)Gs—¢(0) gckl_jl hk,;l((s—t)—l) < (s —t)"*/e (80)

which implies (78). O

Lemma 5.8. Fiz 7 > 0. There exists ¢(k(T)) = ¢ > 0 such that for any 0 < s —t < 1
and x € R? we have

/ pls(x—y)dy <c (81)
R4
Moreover, for any 0 < s —t < 7 and x € R? we have
sup |pf(z —y) — pis(z = y)| < cGsp(0)(s — t)° (82)
yeR4
and
[ e =) = pie =) dy < (s =" (53)

If T < 19, then c = c(h).
Proof. Let 6 > 0 and z be = or y. For y € D(0, ) we use (72) and Lemma 4.2 to have

2 (x—1) <cls—t) Hex (_|:L‘—y|> 84
pt,s( y) — ( ) p HA|HM57t| ( )
In the case (A) we have |M_4|~! = |M,_|. Hence, by (68),
TR (GO Y1) K (s Plat,_ ] 7
> = |(s—1)°|Ms— 71} !
|Msft| |Msft‘ ( ) ‘ s t|

S . [(8 B t)a_u_syfﬂ T

(1725)71 < (175)71. Then clearly the exponent at s — ¢ is

In the case (A) we choose § =
negative.

Next, we observe that in the case (B), by (67) and (68),

]m — y[ [( ) | t| 1] 1+~/1 . C(S B t) 5+(1—5)/a;§—1’y—15)(1+wl)/[3
|M5—t| N |Ms—t‘ - ’
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In the case (B) we choose § = (1 —2¢)[(1+71)/B—1/a] < (1 —¢)[(14+1)/8—1/qa].

Then clearly the exponent at s — t is negative.
Hence, in both cases, we find ¢ = ¢(k(7)) such that for y € D¢(J, x)

4 — o T — y £
Pis(y—z) <c(s—1) /% oxp (—M) < c(s—t)°. (85)

Similarly, we find ¢ = ¢(k(7)) such that

_ [z —yl
pi(y—ax)dy < c(s—t d/a/ exp(— dy <c(s—1t)°. (86
Jpy Pty < sy [ e (it ) o < e o 60

For any € R%, 0 < s —t < 7 we have, by (78),

Yo 1 . o

/D(a,m) Pial®—y) < Cy /D(é,w) Gt ((z = y)(As () 7) dy
= é4 /D((5 : 1Got (= ) (AL W) ) = Gset (= — ) (AL (2))7Y) | dy

g [ Gt (@A) ™) dy
< e+ s —t)0dFE/e &7

We also have
! (x —y) —pf(z— )|

N I . o
B ydet(As(y))‘GS*t ((z —y)(As () 7)

o - T -1y L . (-1
aetan@y) ot (@ =9 )7 — gy Gt (B 9 A @)7)

<clz —y" Gt ((z —y) (AL (y)) )
+e|Gai (2 = y) (AT (1)) = Gome (2 = y)(AL (2)) )]

Note that for any 2 € R, y € D(§,z) and 0 < s—t < 7 we have [z —y|" < c(s—t)5+(1_5)/5.
It follows that for any z € R and 0 < s —t < 7

1

I o AT ()1
|det(AS(x))‘GS*t ((z =) (A5 () 7)

/D(d : Pl o(x —y) = pio(a —y)| dy < (s — )P0 (s — )P (DT (8y)
T

Recall that in the case (A) we picked § = % Since ¢ < gp < % we have
(d+3)e m

_ )
o 7@—m<5.Hence

4455 11l 202
since € < 1/8.

Recall that in the case (B) we picked § = (1 —2¢)((1 +7v1)/8 — 1/a). Since € < gg <

0 —

>e€

)

% we obtain (d—;S)s < (1+71)éﬁ_1/a = 2(1525) < 4 , since € < 1/8. Hence, as in
the case (A) we obtain
1
P U kRS Y PR S DS R (U SR
a 2(1 — 2¢)

Now (86), (87) imply (81). By (77) and (85) we get (82). (86), (88) imply (83). O
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Lemma 5.9. There exist ¢ = c(h) such that for any 0 <t < s and x € R? we have

sup |G¢((z = y)(A7 ()71 = Gamel(z = y)(A] (2)) 7] < cGst(0)(s — 1)7.

yeR4

and
/R Gl = ) (AT @) ™) = Goal(w — p)(AT @) )] dy < s — 1)
Proof. We first prove the lemma under the assumption 0 < s —t < 79. Let § > 0. Put
- — )02
D@,z)=qw: |z —w| < % .
|Ms—t|

First, we consider y € f)(é, x). Then we have

Y
&= (AT @) = (=) (AT ()] < e —pige = o < E T
s—t
By the same arguments as in the proof of Lemma 5.7, we get
|Gsmi((@ = y)(AT ()71 = Goe((z = y)(A] (2)) 1)
< (s — )0~ G ()| @-nAT @M

and

/D(6 ) ‘Gsft((x - Z/)(AST(CB))_I) — GS,t((SC - Z/)(A%F(@)—l)’ dy < C(S - t)é—(d—i-?))e/a’

Next, we estimate the expression |Gs—¢((z — y)(AL (2))™!) — Go—t((z — y)(Af (z))71)] for
y € D(6,z). In the case (A) we have |M;%|~! = |M,_¢|. Hence for y € D°(, z)

In the case (A) we will assume that § < 72.
In the case (B), by (67) and (68), for y € D(4, x)

_ — )02
l] > (s —1) >c(s—1)

5—72-‘1-(1—8)(%—%)
| M| ™ |MZ | M|

In the case (B) we will assume that § < v9 — (l - %)

By the same arguments as in the proof of Lemma 5.8 we find ¢ = c(h) such that for
y € D6, x)

|Gst((z = y) (AT (2)) ™) = Gomel(z — 9) (A7 (2)) 71| < s — ) < cGsmt(0)(s — 1)°

and

/ |Gs—e((z = y)(A7 () 7) = Gome((x — y)(Af (2))7H)] dy < e(s —1)°.
De(6,x)

In the case (A) we pick § = (1 — €)7y2. Since € < g9 < % < 1/4 we have (d%)a <
L =06/2(1 —¢). Hence

(d+3)e 1 (d+3)e

o= a 21 —¢) a a
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so we obtain the conclusion of the lemma in the case (A). In the case (B) we pick 6 =

- 11
(1-¢) (’72— (l— %)) Since € < gg < 2(d(+3)/ < 1/4 we get (d+3) < 2T (; 5) _
5/2(1 —€). As in the case (A) we obtain
(d+3)e 1 (d+3)e
- >0(1— > (1-2 > ¢,
’ o 2 -gp—g)=0-2% Z¢

This completes the proof in the case 0 < t — s < 9.
In the case 0 < t — s > 1y the conclusion is trivial since

sup |Gse((z — y) (A7 (2))71) = Gsel(z — y) (A7 (2))7H)] < 2G5-4(0)

yeR4
and
| det(A 1|/ s—t((& = y) (A5 (@) 71) = Gsel(z — y)(AF () 7)| dy < 2.
]
Lemma 5.10. Suppose that 0 < s —t < 7. We have
[ a2 wldy < els =71 s e R
Rd

Moreover,

gt (@, y)| < (s = )7 FC4(0), @,y € R (89)
The constant ¢ = c(k(7)). If T < 10, then ¢ = c(h).
Proof. Let

Lif ZP V. / x4 uep Al (2) + U(z, uer)) — f(x)] v (du).
k=1

Recall that

(21 i2) st o

It follows that

|Qt5 L y

- ( +Lt)pts ) (@)

-|(5+ ) -0

= (=LY, + L) pl () (@ — v)]

< ZPV <R®, [ ( (x —y + uer AT (z ))—pfis(x—y—i-uekAsT(y))} v (du)
u<
d
+ Z:P.V./|| o [pfis(x—y—i—uekA?(J:)—{—Ut(x,uek))
k=1 ul<fg 7y

— pgs(:n —y+ uekAtT(:r:))] Uk(du)}

+
—
v
mﬂ

[pgs(az —y+ uekAtT(ac) + Up(z, uey)) — pi{s(a: — y)] v (du)

I(Jc, y) + II(a:, y) + 1I(z, y).
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For the sake of simplicity we will denote p(w) = pf}s (w) and z =  — y. To handle the
term I(z,y) we have to estimate

P.V. e [p(2 + uer Al (z)) — p(z + uer AL (v))] vi(du).

Because of the symmetry, we can re-write this integral as

/|u|<R<k) [p(z + uer AL (2)) — p(z + uer AL (y)) —Vp(2)(uer(AL (z) — Az(y)))] vi,(du).

We have
p(z + uer A (x)) — p(z + uer AL (y)) — Vp(2)(uer(Af (z) — Al (y)))

T
= [Vpz + bue AT (2) + (1 - B)uer AT (y)) — V(2)| (wer(4] (2) - AT (1))
= |[Vp(z + uep AT () — Vp(z + buer AT () + (1 = O)ue AT (1)) | (wen(AT (2) — AT (1))

+ [Vp(z + uer AT (1) = Vp(2) | (wer (AT (2) - AT (1))
= A1+ Ay,
(90)
where 6 € [0,1]. Next,
Vo= +uer AT ()~ Vol +uep AT (2) + (1 B)uer AT (3)) = (Buer(AT (y) — AT (2)) V0(6),
where
§ =2+ 0uerAf (1) + (1= 0")uer AL (y), [u] < R,

Troughout the whole proof we pick § = % in the case (A) and 6 = (1 —2¢)((1 +

v1)/B — 1/a) in the case (B). Note that such choice of § is dictated by Lemma 5.8, since
we are going to use some arguments contained therein.

Let |z|1t < %, that is y € D(6,x). By Lemma 5.6 we have

[€(AT ()M — 2(AT () T M < e
Applying this and (74), we arrive at
| M

2 s—
’v p(f)’ < C(S _ t)25(1+1/o¢)6

_|Z(A;1(z))TMs_—1t|G57t(0)‘
This implies
|M5_—1t‘2

—|z AS_1 T TMS__I
T AT @M G (0)

Ay < cul?]AT(y) — AT ()
Next, by Lemma 4.4,
/ W) < (RY)2(s — 1)1 < | Mo_if2(s — 0.
lu| <R,
Hence,
L(z,y) : = / Ay v ()
lul<R™,

< Gy (0) (ML M, —i])?| AT () — AT () Pe™ 12T ENTMZ (g gy=e(42/) =1,

Now, let us estimate the second summand A in the right hand side of (90). Since
p(w) = | det((A7(y)"H|Gomt (w(AT (y)) ") ,w € RY, we have

Vp(w) = | det((A7 (1)) 1)V Gt (w(A7 () 71) (AT ()"
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Hence,
IVp(z +uer AL (y) — Vp(2)]
< e[ VGoy (2(AT (1)) 7! + uer) = Vo (2(A(y) 1) |

0
ka VGs—t (5)

where € = z(AT (y))~! + Queg, 0 < 0 < 1. By Lemma 5.6, we obtain
€M, — 2(AL ()T M < e

Applying this and (74), we arrive at

‘ d 1

—|z(As " (z TMS _ 242/«
akaG”(f)‘ < cem AT @M (5 _ g />sR(kt| 4Goi(0).

<c |ul,

Then we have
Ba] = |[Vp(z + uekAT< ) = Vp(2)| (wen (AT (y) — AT (@)))]

< (s = )TN0 MG (0)uf? [ AT () — AT (y)] e AT ML,

R(

s—t

Hence, since fluKR(k) vy (du) < (ng_)t)Q(s — )71, we have
s—t

)= [ 1l
|lu|<Ry”

< Gy 1(0)| MY RY), |AT (z) — AT (y)] e IPAS DM (g — )= (242/e)e (g ye=t
< Gy (0)| ML || M| |AT () — AT ()| 7 17AT @M (g — gy =242/ (5 _ gyt

We observe that, by (68),

In the case (A) |M;L||M,_¢| = 1, hence

"
T
lz — gy < ((S—t) ) 1 - C(S_t)(ﬁJr(le)/B)llilﬂ < C(S—t)((l E)/'B)H”ﬂ

(MMl AL (y) — AY (2)] < AT (y) — AT ()] + AT (y) — A7 (3)]
<cllz =yl + (s = 1))
<o((s— 1) T 4 (s— 1))
<c(s— t)(1*€)P

Y

where p = min{~1/8(1 + 71),72}. In the case (B) we have , by (67) and(68),
| M| Mol | A (y) = AL (2)] < (1M M) |AT (y) = AT ()] + A5 (y) — AL ()]
< e (IMZ]| M- t\)(|x— "+ (s = 1))
< ol Moo | MY T (5 — ) T 4 (MY Moel (s — £)72)
(s _t)(lfs)(gfw) e (s — )(1 e)(5—a)t2
c(s — t)(l_E)p,

IN

IN
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where p = min{1/5 — 1/(1 4+ v1)a,v2 + 1/8 — 1/a}. This implies that for y € D(9, x),
I(l‘a y) < CIQ(QJ, y)

< cGo (O M Mol | AT (@) — AT (y)] e AT @ITM. (5 — ) =2/ eqgh
< GuntlO) MM [ AT () — AT ()] (5 — )02/ 1~ TN
< Gy i(0)(s — 1)PI~(+2/0)e (s _ pye=1, TATIG
< eGay(0)(s — 1) AT (92)
provided
<o &

That is, when

min{~1/8(1 4+ 1), 72}
O<e=g7 2/a + min{y1/B(1 + 1), 72}

in the case (A)

and
. min{1/8 = 1/(1+n)a, 7 + 1/8 — 1/a}
<e< .
2+ 2+ min{1/5 — 1/(1+ 1)o7 + 1/8 — 1/a}
Hence (93) holds for ¢ < gg. Next,
AT (y) — A7 (2)] < [AT (y) — AT (@) + [AT (y) = AT (9)] < ellz —y[™ + (s — 1)),
By (91), Lemma 5.5 used twice ( with p = 1 or with p = 0), (80) and finally (68), we

in the case (B).

arrive at
[ Gy
D(é,x)

< cGlomt(0)det( M) [ MY || M| (| Moo + (5 — £)2)(s — £)=H2/0) 71

< et — &) TR ON TN M| (M7 + (s — £)72) (s — )77

< et — &) TN M| (s — 0)0TIP 4 (s — 1)72) (s — 1)
In the case (A) we have |M;}||M,_¢| = 1, hence

[ iy < cls -7 (94)
D(é,x)

if ¢ < min{ 71+B(213d+2)/a)’ 2+(d7_52)/a}, which is satisfied with our assumptions on €. In

the case (B) we have , by (67) and (68) , | M }||My_| < c(s — t)(1=e)(=1/at1/6) g
/ [I(z,y)|dy < c[(t — )@@/ /a)+1=e)((A+mn)/6-1/e)
(6:2)

+ (t— S)76(2+(d+2)/a)+(176)(1/,871/a)+72](S B t)*1+5
< ce(s—t)7HE (95)

provided —e(2+4 (d+2)/a)+ (1 —¢e)(1 +7)/8 —1/a) > 0 and

—(24+(d+2)/a)+ (1 —¢e)(1/8—1/a)+ 2 > 0. That is
(1+7)/8-1/a (1/8—=1/a+ ) }

(m+1/B+2+(d+1)/a’1/+2+ (d+1)/af"

Again, this is true with our assumptions.

Egmin{
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Now we deal with the estimates of I(z,y) over D¢(d,x). We note that our assumptions

yield that in the case (A) € < % , while in the case (B) ¢ < % We have

p(z + wer AT () — p(= + uer AT (1)) — V(=) (wer( AT (y) — AT (2)))] < [V*p()lu® (96)
for
& = 2+ MOuep AY () + (1 = O)uer AT (), [ul < R,
with A, 6 € [0,1]. We note that

€ =2 < MOluller AT ()] + (1 = O)ullerAf (y)])
< JulllAll
< RY,A|
< |MaillJ AL
Hence, by (75) and then by (67), we get
VO] < M Pexp (— ) (- 0 G (0)

IN

|Z| ) —4/a
cexp| ———— | (s —1 Gs—4(0).
(“Tamiar) 0G0

Combined with (96) it yields

] ) Yy / 2
I(x, < cexp( s—1t)" VG ul*vg(du) du
) 1AM ) (0 Z e,

< < 12 ) (s—t) %
< cexp|—— — o,
[|A[[| M|
since Gs—¢(0) < ¢(s — t)_g. Next, observe that % > (s — t)_% for y € D(6, x),
which implies that
2]
I(z,y) < cexp (— . (97)
( 2N,
Using this we obtain
[ iewdy=ze (98)
De(6,xz)
Now we estimate II(z,y). We have
|p(z + ue A7 () + Uy(x, uer)) — p(z + uerAf ()] < [Vp(E)U(x,uer)|,  (99)
where i
¢ =z +uep Al (x) + NU(z, uey), |u| < Rg_)t,
with A € (0,1).

Let |z|1t < ﬁ By Lemma 5.6, we have

(AT ()T My — 2(AT (2)) T M < e
Applying this and (73), we arrive at

-1 -1
V(€| < c(s_‘)mlwews @M G (0). (100)

From Lemma 4.4 we infer that w |ulPrg(du) <c R(k_) (s —t)*~1. This combined
lu|<R(®), s—t

with (99) yield

(MM

T T —1 _
RRECT L A ETMG, 4y (0)(s — 1) (101)

(z,y) <c
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We also note that L

I(x,y) < cGs_(0)(s — t)Fte MANM =, (102)
To prove it in the case (A), using (67), we observe that

MM = My < efs — =035,
Hence, from (101) we obtain (102) provided
13— 1
"= Bt 1/a)

which holds with our assumptions. To prove it in the case (B) we observe that, by (67)
and (68),

ML M < (s — t)170)0s/B=1/a),
Hence, from (101) we obtain (102) provided
e B2 6/(1,
Y3+

which again holds in this case.
Applying Lemma 5.5 (with p = 0), the estimate (101), (80) and finally (68), we obtain

/ M(z,y)ldy < cGup(0)det(M—y) | M || My (s — £) "IV (s — )=
D(6,x)

IN

c(t . 8)75(1+(d+1)/a)‘Ms_,ltHMs—t’W (S _ t)€*1
< et — 3)75(1+(d+1)/a)‘Ms__ltHMs—t’(S _ t)(lfs)(vsfl)/ﬁ(s _ t)sfl.

Then, by the same arguments as we applied to handle the term I(x,y), we obtain
[ Gyl < (s 07+ (103)
D(é,x)

in both cases: (A) (since € < 73_1+6?ﬁ(1d+1)/a)) and (B) (since € < #’%) More-

over, again the same reasoning, as when I(z,y) was explored, leads to

/ [z, y)|dy < c (104)
De(6,x)

and
2|

H(z,y) < coxp <_2\|AH|M ]
-

> , y € D0, x). (105)

By Lemma 5.8,
d d )
Ml(z,y)dy < ¢ / vp(du) < ¢ hip(Ry,)
/Rd kzzl jul >R, ; t
d
= ¢ h(hp (s —)7119)) = cd(s — 1)1
k=1
Using this, (94), (95), (98), (103) and (104) we get the first assertion of the lemma.
Finally it is clear that
d
MI(z,y) < cGs—e(0) Y / vp(du) < ¢Gy_s(0)(s — t)71Fe.
i1 =R,
This together with (92), (102) and (105) prove the second assertion of the lemma. Finally,
we remark that all the constants appearing in the above estimates ¢ depned on 7 through

k(7) and for 7 < 7p the constants ¢ = ¢(h).
O
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Lemma 5.11. Assume (I) and let 7> 0. For 0 <t <s <7 andy € R% we have

/ ‘Qt((?;) (x7 y)‘ dx < C(S _ t)71+5,
Rd

where ¢ = ¢(Cs, k(7)). If T < 10, then ¢ = ¢(Cs, h).

Proof. The proof repeats partially the proof of Lemma 5.10. Namely, take the decompo-
sition
0
ah (2,y) = L(,y) + Lz, y) + (2, y)
from this proof, and observe that literally the same estimates as in the above proof yield
the required intergal-in-z bound for the first two terms:

/Rd(ll(x, y)| + 1z, y)|) do < s — )71

For the third term, we have to use the additional assumption (I). Namely,

d
e, <32 [ Bt =y T (@) + Ui ue) + oo~ 0)] it
k=1 ulZzhg -y

— [ TG = )l + I~ )] ()
zizg> Ry k=1,...,d

<cf u(d)
22, >R k=1,..d

s—1

S C(S _ t)*1+€7

where in the penultimate inequality we have used (I) and the identity

/ P () de = 1,
]Rd

which is easy to derive from the definition of pgs (z,y). O

Lemma 5.12. Fiz 7 > 0. Forany £ € (0,1],(>0,0<s—t <71, 2,y € R ifs—t > ¢,
then we have

d
S [ Iba -y ual @) < plule -+ ued(w)] mldu)
=1 lul <R, AC
d
[ ey ueT (@) + Uil ue) - (e — o+ ued] @) veldu)
k=1 |u‘<Rg—>t/\<
d
<y (Tl + [u™) vi(du),
; lul<R™), A¢

where ¢ = (&, k(T)).

Proof. The lemma follows from the estimates of Ay, Ag (in the proof of Lemma 5.10),

(99) and (100). O
Lemma 5.13. Fiz 7 > 0. We have
im s [ gyl =0 (106)
"0 peRd,0<s—t<r J B(x,r)

and
i s [ Q=0 (107)
Be(z,r)

=00 peRE,0<s—t<T
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Proof. Keeping the notation from Lemma 5.10 we have

gt (@, )| < U, y) + 1(z,y) + I(z,y).
By (92), (97) and (102), (105) we get for any z,y € RY,

[z —yl —d -1
I(z,y) + I(x,y) < cexp (— (s —t)~Wate1, (108)
2|| A[[[Ms—]
By (8) and (13), for any z € R%, u € R, t > 0 we have
max, ‘uekA () + Up(w,uer)| < (dCs + C7)([u[? V |ul). (109)

Put 79 = 2(dCs + C7). We bound III(z,y) from above by

d
Z , [0} (2 — y +uex AT () + Up(z, uer)) — pf (¢ — y)] vi(du)
ey 1/ Loy 00 > > R,
d
' Z/| s g ) W0 7 ) O] = )] )
k=1 Y lu|Z2max ,W

=1V(x,y) + V(z,y).

Assume now that |z — y| > r9. When u satisfies |x — y[”’””/ré/73 > |u| > ng_)t then, by
(109), we have

lz—y+ uep AL (z) + Uy(z, uer)| = |z —y| - ’uekAf(x) + Up(z, uey)|
> o=yl = (ro/2)(Ju[" V |u])
x—
> oyl - (ro/2) 2
_ |z —yl
5

Using this and Corollary 5.4 we get

y T Yy |:C - y‘
pis(x —y+uepA; (z) + Up(x,ue)) — pi ((x —y)| < cGs—+(0) exp <—> .
i t balz =) AN,

It follows that for |z — y| > ro we have

d
[z —yl
IV(z,y) < cGs—+(0 / vi(du) | exp (—
(=.9) «(0) (Z u|>R®, (du) 2||All| Ms—i|
[z — | )
< Gy y(0 S i B 110
< G (g o
since for any k € {1,...,d} we have f u>R®, vi(du) < hy (R(k)) (S_tl)s,l <ec.

By elementary arguments for any a,r > 0 we have

00
—alr— C _ _ c _
/ e alz—y| dy = d/ e vt do < —e ar/2’
Be(z,r) a” Jar a

where ¢ depends only on d. Using this, (108), (110) and and (68) we get for r > rq

T
Lz, y)+1(z, y)+IV(z,y)) dy < c(s—t)~ ¥ M ;| exp () < ce ",
[ e ) 1V ) dy < sty M e (e

(111)
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By Lemma 5.8, we have
d

V(z,y)dy < ¢
| Ve >

d /s
”
Yo (Tn). o
k=1 "o
Since lim,_, o hy(r) = 0, the first assertion of the lemma follows from (111) and (112).
The proof of the second follows easily from (72). O

/ v (du)
\u|2max<Rgl€_)t,r1/73 /ré/w’)

IN

Put
W ={(t,s): t,s € [0,00), t < s}.
Lemma 5.14. The function W x RY x R? > (t,s,2,y) — pf’s(m) s continuous as well as
the function W x R x R? 5 (t, s, x,y) — q(o) (z,y).

t,s
Proof. The first assertion follows from Lemma 4.7 and continuity of the map (s,z)
As(z). Recall that q(o) (x,y) is equal to

t,s

d
[ o=y werdf (@) = (o — g+ uer AT ()] vl
k=1 lu|<Ry”,
d
+ Z/ . (! (. —y+ uer AL (z) 4+ Uy, uey)) — Pl —y+ uer AL ()] vi(du)
i <R,
d
#30 [ Bhle =y ueAT (@) + Ui, uer)) = ol (o = )] vildw).
k=1 MZRg_)t
Hence, the second assertion of the lemma follows from the first, Lemma 5.12, (72) and the
bounded convergence theorem. O
Lemma 5.15. For any f € Coo(R?), to > 0 we have
lim [P~ flleo = 0.

WB(t,S)—)(to,tQ)

Proof. Note that for any z € R%, 0 < t < s < oo we have Jra pis(r —y)dy = 1. Using
this, (83) and (72) we easily obtain the assertion of the lemma. O

Lemma 5.16. For any f € Cso(RY), 0 <ty < 59 we have
1; OFSPNO -0
W9(t,s§§1(to,so) 1915 = Qo0 llc
and O, _ pO
li P, - P =0.
WB(t,S%IB(to,So) || t,s f tQ,SOfHOO
Proof. We give a detailed proof of the first statement and only a sketch for the second.
By Lemma 5.13, it is enough to prove the lemma for f with compact support. We note
that the function (W x RY) > (t,s,2) — Qg)s)f(x) is continuous. This follows from (89),
Lemma 5.14 and the bounded convergence theorem. Let r > 0. Hence it is uniformly
continuous on

{t,s,x: t>0; || <7r; |t —to],|s — so| < |so— tol/3}.
It follows that

lim sup 109 f(2) — 0 £z = 0.
W3(t,s)—(to0,s0) |a:|§pr|Qt75f( ) Qto,SOf( )|
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Let r be so large that the support of f is contained in B(0,7/2). Next, we have

0 0
swp Q@I e s [ Dyl
|z|>r,0<s—t<2(so—to) z€RL,0<s—t<2(sp—to) Y B¢(x,r/2)
Hence
. 0 0 0
s (Q0f - Qe <20 s [ gy,
W>(t,5)—(to,50) zeR4,0<s—t<2(so—to) J B(z,7/2)

which converges to 0, if r — oo, by Lemma 5.13. This completes the proof of the first
assertion.

Finally, we remark that the function W x R? 5 (t,s,2) — Pt(g) f(x) is continuous, due
to Lemma 5.14. Next, similarly as above, we apply (107) to complete the proof of the
second assertion. 0

Lemma 5.17. For any 0 < s —t <7 and x,y € R? such that |z —y| < (s — )/ we have
/ |pi (@ = 2) = pio(y — 2)| dz < cla — y|(s — 1)/ (@R (113)
R4
where ¢ = ¢(k(T)).
Proof. We have

pis(x—2) —pis(y—2)

- M [Go—t((z — 2)(A71(2)") = Gty — 2)(AT(2)T)]
- Mvas_t@ (@ — ) (AT (2))7].

where ¢ = (0(z — 2) + (1 — 0)(y — 2))(A;1(2))T, 0 < < 1. By Lemma 5.2 and then
Lemma 4.2, we obtain

Flr—2)—pl (y—2z clx — 1 1 1M
piale —=2) —rily =2 < ele = 3lGunlO) e

1 _
C|$_Q‘Gs—t(0)me €M,

N

IN

We have
[EMZ] > (2= 2)(AS 1 (2) T M| — (€M — (2 — 2) (A1 (2))T M-

1/«

Since |z —y| < (s —t)"/, using (68), we get

€My = (z = 2) (AT () M| < \(—(1—9)~’E+(1 = 0)y) (AT (=) M|
<z =yl AlIMZ
< c\x—y\ s — ) 1/a+te/a
< ec

We pick § > 0 in the same way as in Lemma 5.8. By the same arguments as in the proof
of Lemma 5.7 for z € D(6,z) we have

[(z = 2) (AT ()T = (@ = 2)(AT (@) < | Alllz — 27 < (s — 1)’ etk

Hence

[(z=2) (AT ()T M= (2 =2) (AT (@) M| < (s=0)° IMIIANM ™ = (s=0)° || Al
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Therefore for z € D(6, ) we have

Z 2 1 —Nz—2) (A7 Y e))T ML
‘pt7s(:1: —z) —ptys(y — z)‘ < clx — y\Gs_t(O)me l(z—2)(As " (@) T M|

Using the above estimates, Lemma 5.5 and Lemma 5.2 we get

[ a2 = pia—2)] dz
D(é,x)

)

1 —|(x—2) (A ()T M}
< CIx—y!Gs_t(O)m /D(M)e =) (A TM, = g
1

< clz - Z/’Gs—t(o)m

det(Ms—t)

d

cle—yl /s —p")
= (5 — t)l/ate }:[1 h;l(l/(s —t)) .

By Corollary 4.3 this is bounded from above by
C‘CC - y‘(S . t)—l/a—(d-}-?)a/a‘
For z € D¢(0, x) we have

i (x—2) — P (y — 2)|
1

—|(z—2)(As ()T M2

< clz — y|Gs—+(0) = t)a+1/ae [(x—2) (A (2)) " M|
1 o lz=z
<clz - y|Gs_t(0)7(S — t)5+1/a6 IATIM,—¢l

Using (86) we infer that there exists ¢ such that

/ 107, (2 — 2) — 0, (y — )| d2
De(6,x)

|z—z|

< clz — y|Gs—¢(0) e TATMs—T dz

1
(s —t)=tl/a /Dc(é,m)

S C’.’E - y’a
which finishes the proof of (113). O

Proof of Theorem 2.3. Let 0 < v <+’ < a, v < 1. We pick ¢ = min{e, %} Then for
any 0 < s —t < 7 and z,y € R such that |z — y| < (s — t)/ we have

[ i =2) = pily =) dz < cla =yl (s = )7, (114)

where ¢ = ¢(,7,k(7)). To prove (114) we observe that our choice of € € (0,¢g¢] yields
1+ (d+2)e <~'/v. Hence, by (113), we get

v
([ It =)= gty = w)] dw) < clomyi(s=0) 30029 < oy (st

On the other hand, by (81), we obtain

</Rd s (x — w) — ps(y — w)| dw> o <e

The last two estimates imply (114).
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If |z —y| > ((s—t)/2)"/ then the assertion of the theorem is trivial, so we may assume
that |z —y| < ((s —t)/2)"/®. We have

Pt @) = Pt )] = | [ Gl = 2) = pialy = 2) Fle)
[ ke = =t =) [ gt 21 dedw ]

By (114) and (31), this is bounded from above by

ez =y (s =) flloo

wellfle [ [ lobite =)= sttt =w)l = war (113)
Recall that we assumed |2 — y| < ((s — t)/2)"/®. Let us denote
| bte = w) == )] (s = dwr
t+|z—y|* t+(s—t)/2 s—t
-/ +/ o
t t+|z—y|> t+(s—t)/2
=1+ 11+ III.

By (81) and our assumption |z — y|* < (s —t)/2 we get

t+|z—y|* — 4\l T _ e\ Ve )
ISC/ <82 > dr§c|x vl Sc(x yl ) <cla—y[l(s—t)7/
t

s—t s—t
By (114) we get
I < clz —y['(r— )77/ dr < clz —y|"(s — t) /"

Again by (114) we obtain

s—t

III < C/ ‘.T — y”}’(r _ t)ffy’/a(s _ T)safl dr < C|:ZI . y|7(s B t)f,y//a‘
t+(s—t)/2

By (115) and the estimates of I, II, III we obtain the assertion of the theorem. O

Lemma 5.18. For any 0 < s —t < 7 and x € R? we have

sup [pi% (@) = Brs(@.)| < cGos(0)(s — 1)° (116)
y€Rd
and
/ ‘pts ,y) = ﬁt,s(:v,y)‘ dy < c(s —t)°. (117)

The contant ¢ = c(k(7)). If T < 19, then ¢ = c(h).
Proof. Let 0 < s —t < 7, z € R? be arbitrary. We have
0 _ -

P () — s (2, y)’ = |pl(y—2) = prs(z,y)|

< ‘p%,s(y_l')_pis(y_'r)‘ =+ ‘pzis(y_x)_ﬁt,s(xvy)}
= L1 + 1.
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We also have

1 ) . )
Io mGsft((As(l’)) 1(y — 7)) — mGS*t((AS(fL’)) l(y _ l‘))‘
1 - —
T Tde Ay |G- (AT~ ) = Contl(A(@) 7y — )]
+ gy (G (@) =) = G l(Ae) ™ (= o)
= I3+ +1I5.

It remains to justify sup,cgal; < ¢Gs(0)(s — t)° and [paLidy < c(s —t)° for i €
{1,2,3,4,5} and some ¢ > 0 for some ¢ = c(x(7)) in the general case or ¢ = c(h) if
t<s<mT9.

By Lemma 5.8 we get such estimates for I1. By (8), (9) and (11) we get the estimates
for Is. By Lemma 5.9 and (9) we obtain such estimates for Iy. Analogous estimates of I5

follow from Lemma 4.8 and definitions of Gs_¢, Gs_4. ]

APPENDIX A. ESTIMATES FOR EXAMPLE 2.4 AND EXAMPLE 2.7

In this section we prove the two inequalities, which were stated and used in Example
2.4 and Example 2.7.

Proof of (18). For pry1 < |y| < pr. we have pi, < ¢ !|yl, hence
hr) =12 > pivlpesr <yl <o)+ D viprsr < |yl < pr)

k:pp<r k:pp>T

4c
<272 [ (1A (W2r—2 u(dy) = =2 o —a
<22 [ A (o 2utd) = g

which proves the upper bound in (18). Similarly, we have
W)z [ APty = B re (0.1)
ly|<p1

which proves the lower bound. ]

Proof of (19). Without loss of generality we can take ¢t = 0,z = 0, then

XS_/ A(r)eldz,}+/ A(r)eq dZ?
0 0

The characteristic function of X; has the form

0¥ (2) = exp {— [ damanie + 14w dr} ,

and thus the distribution density equals

pX (z) = <2i)2 /RQ exp{_m.z_/os(y(A(r)z)lym v |(A(r)z)2|0‘2)dr} is.

In particular,

PO = s [ e~ [ + (A0l ar} a

below we will show that the latter integral exists.
Lets estimate from below

Jaamane + jameadr > [T1Ar)2)0 ar
0 0

We recall that
(A(r)z)e =171 + 22, 2= (z1,22),
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and perform case study

Case 1: |z3| > %|z1|. Then

1721 + 29| > 1]22| if r €10, | and |r7z; + 22| > 0 othwerwize,

S
41/

which gives

/ [(A(T)2)2|* dr > cs|z2|“2.
0

Case 2: |za| < 2 |zl| Consider two intervals I(s) = [£,38), J(s) = [32, 5]. At least one

27 4 47

of these intervals i 1s free from the roots of the function r +— |r7z; + 29|, and this function
depends on v = 77 linearly with the slope £|z;|. Since the values of this function in the
endpoints are positive, this yields that, at least on the half of the interval,

|77 21 + 22| > 87|z,

which gives

/ |(A(r)z)2|** dr > csl+a”|z1]a2.
0

Now we can complete the estimate of p* (0). We have

1
X e}
0) < e 2dsp dz
0 < o [ e {= [ lawar )
7
< exp {—cs|z2|™?} dz
(27)% Jia)> 2 ||
1 / 1+o
+ exp {—cs 0|z |*? ) dz =: [ + 1.
(27)% i< 2 2] { ;
Since
2 _ _ —y—2/az
L = e A{/ |z2| exp {—cs|z2|*?} dzg = Y Cs ,
— _ oltazy a2 —
I (271-)2 /%\zﬂ exp { —cs 2112} dz b o
— (Og" . ¢—2(+azy)/az _ 08—7—2/0127
this completes the proof of (19). O
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