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Summary. For spectrally negative Markov Additive Processes (MAPs) we gener-
alize classical fluctuation identities developed in Zolotarev (1964), Takács (1967),
Bingham (1975), Suprun (1976), Emery (1973), Rogers (1990) and Bertoin (1997)
which concern one and two sided exit problems for spectrally negative Lévy pro-
cesses.

1 Spectrally Negative Markov Additive Processes

This paper presents some fluctuation identities for a special, but none the
less quite general, class of Markov Additive Processes (MAP). Before entering
our discussion on the subject we shall simply begin by defining the class of
processes we intend to work with and its properties.

Following Asmussen and Kella (2000) we consider a process X(t), where
X(t) = X(1)(t) + X(2)(t), and the independent processes X(1)(t) and X(2)(t)
are specified by the characteristics: qij , Gij , σi, ai, νi(dx) which we shall now
define. Let J(t) be a right-continuous, ergodic, finite state space continuous
time Markov chain, with states I = {1, . . . , N}, and with intensity matrix
Q = (qij). We denote the jumps of the process J(t) by {Ti} (with T0 = 0).

Let {U
(ij)
n } be i.i.d. random variables, which are also independent of J , with

distribution function Gij(·) (U (ii) ≡ 0). Define the jump process by

X(1)(t) =
∑

n≥1

∑

i,j

U (ij)
n 1{J(Tn−1)=i, J(Tn)=j, Tn≤t}.

For each i ∈ I, let Xi(t) be a Lévy process, independent of all other stochastic
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quantities, with Laplace exponent

log E(expαXi(1)) = ψi(α) = aiα+
σ2

i α2

2
+

∫ 0

−∞

(
eαy − 1− αy1(−1,0)(y)

)
νi(dy),

where 1(−1,0)(y) is valued 1 if y ∈ (−1, 0) and valued 0 otherwise and∫ 0

−∞
(1∧ |y|2)νi(dy) < ∞. By X(2)(t) we denote the process which behaves in

law like Xi(t), when J(t) = i. Note that each of the measures νi are supported
on (−∞, 0) as well as the distributions of each U (ij) and in this respect we
say that X is a spectrally negative MAP.

Letting Q ◦ Ĝ(α) = (qijĜij(α)), where Ĝij(α) = E
(
exp(αU (ij))

)
, we

define matrix cumulant generating function of MAP X(t):

F(α) = Q ◦ Ĝ(α) + diag(ψ1(α), . . . , ψN (α)) . (1)

Note then that F(α) is well defined and finite at least for α ≥ 0. Within
this regime of α, Perron-Frobenius theory identifies F (α) as having a real-
valued eigenvalue with maximal absolute value which we shall label κ (α) .
The corresponding left and right 1×N eigenvectors we label v (α) and h (α)
respectively. In this text we shall always write vectors in their horizontal form
and use the usual T to mean transpose. Since v (α) and h (α) are given up to
multiplying constants, we are free to normalize them such that

v (α)h (α)
T

= 1 and πh (α)
T

= 1 ,

where π = v (0) is the stationary distribution of J . Note also that h (0) = e,
the 1 × N vector consisting of a row of ones. We shall write hi (α) for
the i-th element of h (α) . The eigenvalue κ (α) is a convex function (this
can also be easily verified) such that κ (0) = 0, κ(∞) = ∞ and κ′ (0)
is the asymptotic drift of X in the sense that for each i ∈ I we have
limt↑∞ E(X(t)|J(0) = i, X(0) = x)/t = κ′ (0). The sign of κ′(0) also deter-
mines the asymptotic behaviour of X. When κ′(0) > 0, the process drifts
to infinity, limt↑∞ X(t) = ∞, when κ′(0) < 0, the process drifts to mi-
nus infinity, limt↑∞ X(t) = −∞, and when κ′(0) = 0 the process oscillates,
lim supt↑∞ X(t) = − lim inft↑∞ X(t) = ∞. For the right inverse of κ we shall
write Φ on [0,∞). That is to say, for each q ≥ 0,

Φ(q) = sup{α ≥ 0 : κ(α) = q}.

Note that the properties of κ imply that Φ(q) > 0 for q > 0. Further Φ(0) = 0
if and only if κ′(0) ≥ 0 and otherwise Φ(0) > 0.

We shall assume the afore mentioned class of MAPs are defined on a
probability space with probabilities {Pi,x : i ∈ I, x ∈ R} and right-continuous
natural filtration F = {F t : t ≥ 0}. It can be checked that under the following
Girsanov change of measure

dP
γ
i,x

dPi,x

∣∣∣∣∣
Ft

:= eγ(X(t)−x)−κ(γ)t hJ(t) (γ)

hi (γ)
, for γ such that κ (γ) < ∞, (2)
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the process (X, Pγ
i,x) is again a spectrally negative MAP whose intensity ma-

trix Fγ (α) is well defined and finite for α ≥ −γ; see for example Palmowski
and Rolski (2002). If Fγ (α) has largest eigenvalue κγ (α) and associated right
eigenvector hγ (α), the triple (Fγ (α) , κγ (α) , hγ (α)) is related to the original
triple (F (α) , κ (α) ,h (α)) via

Fγ (α) = ∆h (γ)
−1

F (α + γ)∆h (γ)−κ (γ) I and κγ (α) = κ (α + γ)−κ (γ) ,
(3)

where I is the N ×N identity matrix and

∆h (γ) := diag (h1 (γ) , ..., hN (γ)) .

We shall also use a similar definition for the matrix ∆v(γ).
As much as possible we shall prefer to work with matrix notation. For a

random variable Y and (random) time τ , we shall understand Ex(Y ;J(τ))
to be the matrix with (i, j)-th elements Ei,x(Y ;J(τ) = j). For an event, A,
Px(A;J(τ)) will be understood in a similar sense. For simplicity we shall
follow the tradition that E(·) = E0(·) and P(·) = P0(·). For shorthand we
will denote Iij(q) = Pi,0(J(eq) = j), in other words I(q) = q(qI−Q)−1.

These details and more concerning the basic characterization of MAPs can
be found in Chapter XI of Asmussen (2003).

2 Time reversal

Predominant in the forthcoming discussion will be the use of the bivariate pro-
cess (Ĵ , X̂), representing the process (J, X) time reversed from a fixed moment
in the future when J(0) has the stationary distribution π. For definitiveness,
we mean

Ĵ (s) = J((t− s)
−

) and X̂ (s) = X (t)−X
(
(t− s)−

)
, 0 ≤ s ≤ t

under Pπ,0 =
∑

i∈I πiPi,0. The characteristics of (Ĵ , X̂) will be indicated by
using a hat over the existing notation for the characteristics of (J, X). For

example F̂, ĥ, κ̂ and so on. To relate these characteristics to the original ones,
recall that the intensity matrix of Ĵ must satisfy

Q̂ = ∆−1
π QT∆π ,

where ∆π is the diagonal matrix whose entries are given by the vector π.
Hence according to (1) we find that when it exists

F̂ (α) = ∆−1
π F (α)

T
∆π.

Since (v (α)F (α))T = F (α)
T

v (α)
T

= κ (α)v (α)
T

we have that

F̂ (α)∆−1
π v (α)

T
= ∆−1

π F (α)
T

∆π∆−1
π v (α)

T
= κ (α)∆−1

π v (α)
T



124 A.E. Kyprianou and Z. Palmowski

showing that κ̂ (α) ≥ κ (α) . On the other hand a similar calculation reveals
that

κ̂ (α)∆πĥ (α)
T

= ∆πF̂ (α) ĥ (α) = F (α)
T

∆πĥ (α)
T

so that κ̂ (α) ≤ κ (α) and hence κ̂ = κ and ∆πĥ (α)
T

= v (α)
T

.

Instead of talking about the process (Ĵ , X̂) we shall talk about the process

(J, X) under probabilities {P̂i,0 : i ∈ I} meaning the MAP whose characteris-

tics are given by F̂. Note also for future use, following classical time reversed
path analysis, for y ≥ 0,

Pi,0 (−I(t) ∈ dy|J(t) = j) = Pj,0

(
Ŝ (t)− X̂(t) ∈ dy|Ĵ(t) = i

)

= P̂j,0 (S (t)−X(t) ∈ dy|J(t) = i) , (4)

where I(t) = inf0≤s≤t X(s), S(t) = sup0≤s≤t X(s) and Ŝ(t) = sup0≤s≤t X̂(s).
(A diagram may help to explain the last identity). Asmussen (1989, 2000)
gives a more thorough discussion on time reversal.

3 The intensity matrix Λ(q)

Also important for the main results of this paper will be a brief summary
of the classical analysis of first passage upward with the help of exponential
change of measure given in (2).

Define for each x ≥ 0

τ+
x := inf{t ≥ 0 : X(t) ≥ x}.

Note that for each q ≥ 0 and x ≥ 0,

∆h(Φ(q))−1E
(
eΦ(q)x−qτ+

x 1(τ+
x <∞);J(τ+

x )
)
∆h(Φ(q)) = IΦ(q)(τ+

x ).

Here

I
Φ(q)
ij (τ+

x ) = P
Φ(q)
i,0 (J(τ+

x ) = j, τ+
x < ∞) = P

Φ(q)
i,0 (J(τ+

x ) = j),

where the last equality follows since (X, PΦ(q)) drifts to infinity on account of
the fact that κ′

Φ(q)(0) = κ′(Φ(q)) which is strictly positive by convexity of κ.
Hence

E
(
e−qτ+

x 1(τ+
x <∞);J(τ+

x )
)

= e−Φ(q)x∆h(Φ(q))IΦ(q)(τ+
x )∆h(Φ(q))−1.

A little thought reveals that process {J(τ+
x ) : x ≥ 0} is again an ergodic

Markov chain whenever X does not drift to −∞. Let us suppose that under
PΦ(q), for q ≥ 0, its intensity matrix is given by Λ(q) so that IΦ(q)(τ+

x ) =
exp(Λ(q)x). We thus obtain the following result.
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Theorem 1. For q ≥ 0,

E
(
e−qτ+

x 1(τ+
x <∞);J(τ+

x )
)

= ∆h(Φ(q))e−(Φ(q)I−Λ(q))x∆h(Φ(q))−1. (5)

Unfortunately, it does not seem that an explicit expression for Λ(q) can be
derived from existing literature. Indeed establishing an expression for Λ(q) for
spectrally negative MAPs is an open problem. Recent progress has been made
however by Miyazawa and Takada (2002) (see also the references therein) who
consider a special case of the spectrally negative MAP that we have here.
That is, the case when the jump part of each of the processes Xi are of
bounded variation and finite mean. For this class, they prove that Λ(0) solves
F(−Λ(0)) = 0 where we should understand the latter to mean that

−∆aΛ(0) + ∆σ2/2Λ(0)2 +

∫ 0

−∞

∆ν(dy)(e−Λ(0)y − I + Λ(0)y1[−1,0](y))

+

∫ 0

−∞

Q ◦G(dy)e−Λ(0)y = 0 , (6)

where ∆a is the diagonal matrix with entries a1, ..., aN along the diagonal,
similarly ∆σ2/2 is diagonal with elements σ2

1/2, ..., σ2
N/2, matrix ∆ν(·) is di-

agonal with ν1(·), . . . , νN (·) on the diagonal and the matrix G has entries
Gij(·) corresponding to the distributions of each Uij . It can be seen from the
straightforward martingale techniques described by Pistorius (2006) however,
that in general, one may characterize Λ(q) as a solution to the matrix equa-
tion FΦ(q)(−Λ(q)) = 0. (We are grateful to M. Pistorius for pointing this
out). For further discussion concerning uniqueness of the solution see Rogers
(1994), Asmussen (2000) and Miyazawa and Takada (2002).

4 Main results

In this article we shall establish fluctuation identities concerning the exit times
τ+
a for a ≥ 0 (defined at the beginning of the previous section) and

τ−
0 := inf{t ≥ 0 : X(t) ≤ 0}.

Our results will be expressed in terms of N × N matrix functions W(q)(x)
and M(q)(x) both of which are mappings from R to [0,∞) with a parameter
range q ≥ 0.

Before moving to the main results, we shall devote a little time to establish-
ing some further notation. Here and throughout we work with the definition
that eq is random variable which is exponentially distributed with mean 1/q
and independent of (J, X).
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For q > 0, let

D̂(q) = ∆v (Φ (q)) (Φ(q)I− Λ̂(q))−1∆v (Φ (q))
−1

,

where the matrix Λ̂(q) takes the same definition as Λ(q) but for the time

reversed process X̂. We shall also be interested in the following related limiting
quantity

D := lim
q↓0

qD̂(q)TI(q)−1.

There are two cases to consider.
When X drifts to −∞ we know that Φ(0) > 0 then simply

D = ∆v (Φ (0))
−1

(Φ(0)I− Λ̂(0)T)−1∆v (Φ (0))Q.

On the other hand, when X does not drift to ∞, denote by π+ the stationary
distribution of {J(τ+

x ), x ≥ 0} under P̂. Let Π+ = eT π+. By Coolen-Schrijner
and van Doorn (2002) there exists a matrix

A =

∫ ∞

0

(
eΛ̂(0)t −Π+

)
dt

called a deviation matrix (or Drazin inverse) of Λ̂(0). It solves uniquely the
equations

−Λ̂(0)X = XΛ̂(0), X(−Λ̂(0))X = X and (−Λ̂(0))X(−Λ̂(0)) = −Λ̂(0).

Note that Φ(0) = 0 and hence ∆v(Φ(0)) = ∆π. Also

qD̂(q)TI(q)−1 ∼ ∆−1
π [(Φ(q)I− Λ̂(q))−1]T∆π(qI−Q)∆−1

π ∆π

= ∆−1
π

[
(qI− Q̂)(Φ(q)I− Λ̂(q))−1

]T

∆π ,

where B(q) ∼ C(q) means that B(q)C(q)−1 → I as q → 0. Morover,

(qI− Q̂)(Φ(q)I− Λ̂(q))−1 = (qI− Q̂)

∫ ∞

0

eΛ̂(q)te−Φ(q)t dt

∼ qA− Q̂A + q

∫ ∞

0

e−Φ(q)tΠ+ dt

−

∫ ∞

0

e−Φ(q)tQ̂eTπ+ dt

= qA− Q̂A +
q

Φ(q)
Π+

∼ κ′(0)Π+ − Q̂A.

Hence

D = ∆−1
π

[
κ′(0)Π+ − Q̂ A

]T

∆π.

We now give the main results which are uniformly given under the following
assumption.
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Assumption 2 None of the processes Xi are downward subordinators.

The assumption that none of the processes Xi are downward subordinators
offers the convenience that matrices such as Λ̂(q) have no zero columns.

Theorem 3. For each q ≥ 0 there exist N ×N matrix functions W(q)(·) and
M(q)(·) such that the following hold (for convenience we shall write W for
W(0)).

(i) The matrix W(q) almost everywhere differentiable on (0,∞), equal to zero
on (−∞, 0] and satisfies

W(q)(x) = ∆h(Φ(q))eΦ(q)xWΦ(q)(x)∆h(Φ(q))−1

for all x ∈ R where WΦ(q) plays the role of W under P
Φ(q).

(ii) The matrix M(q) is characterized by its Laplace transform on (0,∞),
∫

[0,∞)

e−βxM(q)(dx) = (F(β)− qI)−1(I− βD̂(q)T)(qI−Q) (7)

for sufficiently large β and it is equal to I on (−∞, 0].
(iii) For x ≥ 0,

Ex

(
e−qτ−

0 1(τ−

0
<∞);J(τ−

0 )
)

= M(q)(x). (8)

(iv) For x ≤ a,

Ex

(
e−qτ+

a 1(τ+
a <τ−

0
);J(τ+

a )
)

= W(q) (x)W(q) (a)
−1

.

(v) For x ≤ a,

Ex

(
e−qτ−

0 1(τ+
a >τ−

0
);J(τ−

0 )
)

= M(q)(x)−W(q)(x)W(q)(a)−1M(q)(a).

To some extent the results in Theorem 3 generalize known expressions
for spectrally negative Lévy processes established over a number of years
by Zolotarev (1964), Takács (1967), Emery (1973) Bingham (1975), Suprun
(1976), Rogers (1990) and Bertoin (1997).

Aside from being a natural generalization of the known results for spec-
trally negative Lévy processes, there are genuine reasons for wanting to know
the conclusions presented in Theorems 3. In recent years classical models in
the theory of financial mathematics, risk and queues have been replaced by
ones involving Markov modulation and general classes of Lévy processes. In
the latter case one particular class that has proved to be quite successful in this
respect is spectrally negative Lévy processes, on account of the robustness of
their fluctuation theory; see for example Schmidli (1999), Asmussen (2000),
Asmussen and Kella (2000), Asmussen et al. (2004), Avram et al. (2004),
Klüppelberg et al. (2004), Pistorius (2003), Huzak et al. (2004), Chan (2005),
Chiu and Yin (2005) and Dube et al. (2004) to name but a few. Our results
justify the reasoning that, in general, one should hope to be able to work with
spectrally negative MAPs in these models (see e.g. Miyazawa (2004)).



128 A.E. Kyprianou and Z. Palmowski

5 Asmussen-Kella martingale

The basis of this section is the new martingale introduced by Asmussen and
Kella (2000). This martingale is closely related to other martingales of an
exponential type found in Kella and Whitt (1992) and Jacod and Shiryaev
(1987) for example. For our purposes we shall simply introduce the Asmussen-
Kella martingale in the form that we shall use it; however the reader is urged
to return to the original presentation in Asmussen and Kella (2000) in order
to appreciate that it can take a more general form. The martingale in question
is zero mean, vector valued and takes the form

∫ t

0

e−βZ(u)1J(u)du · F (β) + e−βZ(0)1J(0) − e−βZ(t)1J(t) − β

∫ t

0

1J(u)dS(u) ,

where 1i is the 1×N vector whose elements are zero except at the i-th position
where it is 1, β ≥ 0 and Z (t) = S(t) −X(t). From this martingale we shall
deduce an identity, below, which forms the basis of our proofs.

Theorem 4. For β ≥ 0

E
(
eβI(eq);J(eq)

)T

(F (β)− qI)
T

= q∆v(Φ (q))[β(Φ(q)I− Λ̂(q))−1 − I]∆v(Φ (q))−1 , (9)

where the N ×N matrix Λ̂(q) is the intensity matrix of the process {J(τ+
x ) :

x ≥ 0} under P̂Φ(q).

Proof From (4) we have that

Ei,0

(
eβI(eq)1(J(eq)=j)

)
= Ei,0

(
eβI(eq)|J(eq) = j

)
Pi,0 (J(eq) = j)

= Êj,0

(
e−βZ(eq)|J(eq) = i

)
P̂j,0 (J(eq) = i)

πj

πi

= π−1
i Êj,0

(
e−βZ(eq)1(J(eq)=i)

)
πj .

That is to say, the matrix Ê
(
e−βZ(eq);J(eq)

)
fulfills

∆−1
π E

(
eβI(eq);J(eq)

)T

∆π = Ê
(
e−βZ(eq);J(eq)

)
. (10)

Now note that a simple calculation involving Fubini’s Theorem shows that

1

q
Êi,0

(
e−βZ(eq)1J(eq)

)
= Êi,0

(∫ eq

0

e−βZ(u)1J(u)du

)
.

Making use of the Asmussen and Kella’s martingale (as given above) applied
to the time reversed MAP, it follows by taking expectation with respect to
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P̂i,0 that

Êi,0

(
e−βZ(eq)1J(eq)

)(
F̂ (β)− qI

)
= −q1i + βqÊi,0

(∫ eq

0

1J(u)dS(u)

)
.

(11)

Now note, with the help of Fubini’s Theorem and the fact that (X, P̂i,0) can
only creep upwards thus allowing τ+

· to be considered the inverse of S (·) ,

Êi,0

(∫ eq

0

1J(u)dS(u)

)
= Êi,0

(∫ ∞

0

e−qu1J(u)dS(u)

)

= Êi,0

(∫ ∞

0

1(τ+
a <∞)e

−qτ+
a 1J(τ+

a )da

)
.

Further, applying a change of measure in the spirit of (2) we have

Êi,0

(∫ eq

0

1(J(u)=j)dS(u)

)

=

∫ ∞

0

e−Φ(q)a
Ê

Φ(q)
i,0

(
1(τ+

a <∞)1(J(τ+
a )=j)

) ĥi(Φ(q))

ĥj(Φ(q))
da . (12)

(Recall that κ = κ̂ and hence Φ = Φ̂). Finally noting from (3) that κ′
Φ(q) (0) =

κ′(Φ (q)) > 0, it follows that under P̂
Φ(q)
i,0 the process X drifts to infinity thus

allowing the removal of the indicator 1(τ+
a <∞) in (12). Replacing (10) and (12)

in (11) and considering the latter vector equality as the i-th row of a matrix,
we obtain

∆−1
π E

(
eβI(eq);J(eq)

)T

∆π

(
F̂ (β)− qI

)

= −qI + βq∆
ĥ
(Φ (q))Û(q)∆

ĥ
(Φ (q))−1 ,

where

Ûij(q) =

∫ ∞

0

da · e−Φ(q)a
P̂

Φ(q)
i,0 (J(τ+

a ) = j).

Note that matrix Û(q) has no zero columns by the assumption that none

of the Lévy processes is downward subordinator. Recalling that F̂ (α) =

∆−1
π F (α)

T
∆π we have

E
(
eβI(eq);J(eq)

)T

(F (β)− qI)
T

= −qI + βq∆π∆
ĥ
(Φ (q))Û(q)∆

ĥ
(Φ (q))−1∆−1

π .

Further noting that ∆πĥ (α)
T

= v (α)
T

implies that ∆π∆
ĥ
(α) = ∆v (α) ,

the diagonal matrix associated with vector v (α), we have that
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E
(
eβI(eq);J(eq)

)T

(F (β)− qI)
T

= −qI + βq∆v(Φ (q))Û(q)∆v(Φ (q))−1.

(13)

The theorem is proved once we note that Û(q) is a resolvent and hence equal

to (Φ(q)I− Λ̂(q))−1. �

6 Proof of Theorem 3

(ii) and (iii). We first prove that the Laplace transform in (7) is well-defined,
that is F(β)−qI is invertible for sufficiently large β. From Theorem 4 it follows
that F(β)−qI is invertible for β for which RHS of (9) is invertible. This holds

β such that β − Φ(q) is greater than spectrum of matrix Λ̂(q) since:

[β(Φ(q)I− Λ̂(q))−1 − I]−1 = −[I + β((Φ(q)− β)I− Λ̂(q))−1]. (14)

Note also that F(β)− qI is always invertible for β < Φ(q).
According to the definition of M(q) via its Laplace transform simple ma-

nipulation of (9) yields

Px(I(eq) < 0;J(eq)) = M(q)(x)I(q). (15)

Using the law of total probability and first conditioning the probability on
the left hand side of (15) with respect to Fτ−

0

we have

Ex(e−qτ−

0 1(τ−

0
<∞);J(τ−

0 ))I(q) = M(q)(x)I(q).

and hence the first result follows for q > 0.
We may now take limits as q ↓ 0 and note that the limit exists on the right

hand side of (8) because it exists on the left hand side. �

(i) and (iv). Assume momentarily that X drifts to infinity. With this as-
sumption, it is clear that X hits every level a > 0 with probability one. Next
note that for any 0 < x ≤ a,

{Px(τ+
a < τ−

0 ;J(τ+
a ))}ij = {Pi,x(J(τ+

a ) = j, τ+
a < τ−

0 )}

is the transition matrix of the Feller Markov chain {J∗(τ+
a ) : a ≥ 0} of the

modulating state on the upward ladder-height process of X∗, where X∗ is the
process X killed on exiting (0,∞). Note that the transitions of J∗(τ+

a ) depend
on the position of X∗(τ+

a ) and hence on the level a since on τ+
a < τ−

0 we have
X∗(τ+

a ) = a. Therefore, for each y > 0 there exists some N×N sub-stochastic
intensity matrix Λ∗(y) such that

Px(τ+
a < τ−

0 ;J(τ+
a )) = exp

{∫ a

x

Λ∗(y)dy

}
, x > 0, (16)
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which has inverse exp{−
∫ a

x
Λ∗(y)dy}. It is also now clear that there exists

invertible matrix

W(x) = exp

{
−

∫ b

x

Λ∗(y)dy

}

for some arbitrary b > a (and therefore determined up to a pre- or post-
multiplicative constant, invertible matrix) which is obviously almost every-
where differentiable on (0,∞). We have thus proved part (ii) of Theorem 3
for the case that q = 0 and X drifts to infinity.

Using a change of measure (2) we have for any q > 0 that

Ei,x

(
e−qτ+

a 1(τ+
a <τ−

0
,J(τ+

a )=j)

)

= Ei,x

(
eΦ(q)(a−x)−qτ+

a 1(τ+
a <τ−

0
,J(τ+

a )=j)

hj(Φ (q))

hi(Φ (q))

)
hi(Φ (q))

hj(Φ (q))
e−Φ(q)(a−x)

= hi(Φ (q))P
Φ(q)
i,x

(
τ+
a < τ−

0 , J(τ+
a ) = j

) 1

hj(Φ (q))
e−Φ(q)(a−x). (17)

Now κ′
Φ(q) (0) = κ′ (Φ (q)) > 0. So that under P

Φ(q)
i,x the process X always

drifts to infinity. We may thus use the conclusions of the previous paragraph
in (17) to deduce

Ex

(
e−qτ+

a 1(τ+
a <τ−

0
);J(τ+

a )
)

= [∆h (Φ (q)) eΦ(q)xWΦ(q) (x)∆h (Φ (q))
−1

]

×[∆h (Φ (q)) eΦ(q)aWΦ(q) (a)∆h (Φ (q))
−1

]−1

= W(q) (x)W(q) (a)
−1

(18)

where in the first equality we understand WΦ(q)(x) to be the scale function

associated with (X, PΦ(q)) and the equality itself follows from the analysis in
the case that X drifts to infinity above. Further, in the last line of (18) uses
the definition

W(q) (x) = ∆h (Φ (q)) eΦ(q)xWΦ(q) (x)∆h (Φ (q))
−1

. (19)

Note that W(q)(x) is almost everywhere differentiable since WΦ(q) is. �

(v). This result follows from elementary linear algebra. Simply note from
the Strong Markov Property that for q > 0,

Ex(e−qτ−

0 1(τ−

0
<∞);J(τ−

0 ))

= Ex(e−qτ−

0 1(τ−

0
<τ+

a );J(τ−
0 ))

+Ex(e−qτ−

0 1(τ−

0
>τ+

a );J(τ−
0 ))

= Ex(e−qτ−

0 1(τ−

0
<τ+

a );J(τ−
0 ))

+Ex(e−qτ+
a 1(τ−

0
>τ+

a );J(τ+
a ))Ea(e−qτ−

0 1(τ−

0
<∞);J(τ−

0 )).
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Rearranging and substituting in the conclusions of part (i) and (ii) gives the
required result for q > 0. To deal with the case that q = 0, take the limit
above as q tends to zero. �

7 An example

In general, it is difficult to identify the scale matrix W(q)(x). Note that using
the Strong Markov Property we have for 0 < x ≤ a,

Px(τ+
a < τ−

0 ;J(τ+
a )) = Px(J(τ+

a ))−Px(τ−
0 < τ+

a ;J(τ+
a ))

= Px(J(τ+
a ))−

∫ 0

−∞

Px(τ−
0 < τ+

a ;X(τ−
0 ) ∈ dy;J(τ−

0 ))Py(J(τ+
a ))

= eΛ(0)(a−x) −

∫ 0

−∞

Px(τ−
0 < τ+

a ;X(τ−
0 ) ∈ dy;J(τ−

0 ))eΛ(0)(a−y)

= W(x)W(a)−1,

where W(x) = W(0)(x). Thus

W(x)[eΛ(0)aW(a)]−1

= e−Λ(0)x −

∫ 0

−∞

Px(τ−
0 < τ+

a ;X(τ−
0 ) ∈ dy;J(τ−

0 ))e−Λ(0)y. (20)

Note the intensity matrix Λ(0) has eigenvalues with non-positive real part and
hence the integral on the right hand side of the above identity makes sense.
Further, it has a limit as a →∞. This implies that the left hand side of (20)
also has a limit. Thus up to some invertible constant matrix V we have

W(x) = V

[
e−Λ(0)x −

∫ 0

−∞

Px(τ−
0 < ∞;X(τ−

0 ) ∈ dy;J(τ−
0 ))e−Λ(0)y

]
. (21)

Without loss of generality we can assume further that V = I. Note also that

Ex

[
e−qX(τ−

0
)1(τ−

0
<∞);J(τ−

0 )
]

= ∆h (q)Eq
x

[
eκ(q)τ−

0 1(τ−

0
<∞);J(τ−

0 )
]
∆h (q)

−1
, (22)

and the latter can be derived from (8).
Here is an example of W(q)(x) that can be identified. We consider Brow-

nian motion and independent Markov chain. In other words X(1)(t) = 0 for
all t ≥ 0 and ψi(β) = β2/2 for each i = 1, ..., N . For this case, because the
trajectories of the Brownian motion are continuous,

W(x) = e−Λ(0)x −Px(τ−
0 < ∞;J(τ−

0 ))

= e−Λ(0)x −M(0)(x).
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Denote by λi the eigenvalues of Q (which have non-positive real part by
Theorem 2.5 of Seneta (1973)) and denote by H the matrix of eigenvectors
of Q. Hence Q = H−1diag(λi)H. Then F(β) = H−1diag(β2/2 + λi)H and
thus Λ(0) = H−1diag((−2λi)

1/2)H. Straightforward calculations based on the
definition of matrix M(0)(x) gives that

∫ ∞

0
e−βxW(x) dx = CF(β)−1, where

C = H−1diag((−2λi/2)1/2)H. From the definition of the matrix W(q)(x)
given in (19) we have

∫ ∞

0

e−βxW(q) (x) dx = ∆h (Φ (q))

∫ ∞

0

e−(β−Φ(q))xWΦ(q) (x) dx∆h (Φ (q))
−1

= ∆h (Φ (q))CΦ(q)∆h (Φ (q))
−1

.

×∆h (Φ (q))FΦ(q) (β − Φ (q))
−1

∆h (Φ (q))
−1

,

where CΦ(q) plays the role of the matrix C for (X,PΦ(q)). From (3) we can
check that

∆h (Φ (q))FΦ(q) (β − Φ (q))
−1

∆h (Φ (q))
−1

= (F (β)− qI)
−1

.

Thus defining C(q) = ∆h (Φ (q))CΦ(q)∆h (Φ (q))
−1

we deduce that

∫ ∞

0

e−βxW(q) (x) dx = C(q)× (F (β)− qI)
−1

.

From above we derive W(q)(x) = H−1diag(sinh(x(2q−2λi)
1/2))H up to mul-

tiplicative constant invertible matrix. Thus from Theorem 3 we obtain e.g.
the state of the independent Markov chain at the exit time of the Brownian
motion from the interval:

Ex

(
e−qτ+

a 1(τ+
a <τ−

0
);J(τ+

a )
)

= H−1diag

(
sinh(x(2q − 2λi)

1/2)

sinh(a(2q − 2λi)1/2)

)
H.

Remark 5. For N = 1, that is for spectrally negative Lévy process with
Laplace exponent ψ(β) = F (β), from (21) we have W (0)(x) = V (1−M (0)(x))
for some constant V > 0 and hence from Theorem 3 and (19) we derive (up
to a multiplicative constant)

∫ ∞

0
e−βxW (q)(x) dx = (ψ(β) − q)−1 (compare

with Theorem 1 of Kyprianou and Palmowski (2004)).
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